Bit threads and holographic entanglement of purification by Harper, Jonathan & Headrick, Matthew
Prepared for submission to JHEP BRX-TH-6642
Bit threads and holographic entanglement of
purification
Jonathan Harper and Matthew Headrick
Martin Fisher School of Physics, Brandeis University, Waltham, Massachusetts 02453, USA
E-mail: jharper@brandeis.edu, headrick@brandeis.edu
Abstract: Generalizing the bit thread formalism, we use convex duality to derive dual flow
programs to the bipartite and multipartite holographic entanglement of purification proposals
and then prove several inequalities using these constructions. In the multipartite case we find
the flows exhibit novel behavior which allows for a constrained flux on the boundary of the
homology region. We show this flux can be made distinct from bipartite terms and reflects
the truly multipartite portion of the holographic entanglement of purification.
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1 Introduction
The study of geometry has been key to our current understanding of quantum gravity. This is
most strongly evidenced by the Ryu-Takayanagi (RT) formula, which allows one to calculate
the entanglement entropy as the area of a bulk minimal surface for systems with holographic
duals (in static states or states with time-reflection symmetry). The entanglement entropy is
the canonical measure of entanglement for pure states. Recent work has attempted to define
a similar measure of entanglement for a mixed state on a bipartite region AB as the cross
section Ew(A : B) of the joint homology region r(AB), the bulk region bounded by AB and
its RT surface m(AB) (see fig. 1).1 More precisely, Ew(A : B) is the area of the minimal
surface in r(AB) homologous to A relative to m(AB); we will denote this surface bp(A : B).
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Figure 1. Illustration of the homology-region cross section Ew(A : B), conjectured to be dual to the
entanglement of purification (1.1). The AB homology region r(AB) is shown in blue. Ew(A : B) is
defined as the area of the minimal surface bp(A : B) in r(AB) homologous to A relative to m(AB).
This geometric quantity is conjectured to be dual to a certain measure of quantum and
classical correlations in the boundary theory, namely the entanglement of purification (EOP)
[1, 2].2 (For recent progress in the context of the surface/state correspondence [6] see [7, 8],
and in terms of bit threads see [9].) The EOP is defined as follows [10]:
Ep(ρAB) = min|ψ〉AA′BB′ :
ψAB=ρAB
S(ψAA′) ; (1.1)
1For this paper we will only be working with the static or time reflection-symmetric spacetimes, where
our slice is a moment of time symmetry. The homology region r(AB) is a slice of the entanglement wedge
EW [AB]. As we will briefly discuss in sec. 4, the conjecture has a natural generalization to the covariant case.
2Several competing conjectures have also appeared in the literature. In [3] the homology-region cross section
was calculated to be equal to the reflected entropy: half the entanglement entropy of a canonical purification
whose dual geometry is a wormhole formed by gluing two copies of the homology region. In [4] the logarithmic
negativity was proposed as a dual to the homology region cross section and in [5] the odd entanglement entropy.
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here the minimization is over purifications |ψ〉AA′BB′ of ρAB, where A′, B′ are auxiliary
systems. In general this is a very difficult quantity to calculate, especially in QFTs (see e.g.
[2, 11–13]). Despite this difficulty several general bounds are know for the EOP [14]:
• 12I(A : B) ≤ Ep(A : B) ≤ min[S(A), S(B)]
• Ep(A : BC) ≥ Ep(A : B)
• Ep(A : BC) ≥ 12I(A : B) + 12I(A : C)
• If ABC is pure then Ep(A : B) + Ep(A : C) ≥ Ep(A : BC)
It has been shown via geometric proofs using surfaces that the minimal homology region cross
section Ew(A : B) too satisfies these conditions lending credibility to the conjecture
Ep(A : B) = Ew(A : B) . (1.2)
Additionally, it was shown that the minimal homology region cross section satisfies the su-
peradditivity condition
• Ew(AA˜ : BB˜) ≥ Ew(A : B) + Ew(A˜ : B˜)
which Ep does not always satisfy. If the conjecture holds, then this inequality would be
a necessary criterion for a system to have a holographic dual; this is similar to how the
holographic entanglement entropy always satisfies monogamy of mutual information (MMI),
even though general quantum systems may violate MMI [15, 16].
In this paper we take a complementary approach to the holographic surface proposals:
using the full power of convex duality and the max flow-min cut theorem (MFMC), we derive
the dual convex flow program
Ew(A : B) := max
vµ
∫
A
√
hnµv
µ such that ∇µvµ = 0, |v| ≤ 1, nµvµ|m(AB) = 0 , (1.3)
which works by explicitly forcing any flow to remain inside the homology region r(AB). This
result was anticipated by [2, 4, 7, 17–19]. Using this construction we reprove the above bounds
and interpret the result in terms of bit threads.
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bp(A1)
Figure 2. The holographic multipartite EOP proposal of [20], illustrated for the case of three regions.
The joint RT surface O := m(A) is shown in red. This is partitioned into regions A′i, and the total area
of the corresponding minimal surfaces m(AiA
′
i) is minimized over partitions. The minimal surfaces
Σ(Ai) are shown as colored dashed lines; their union is Σ. Also shown as a dotted line is the minimal
surface bp(A1) which computes the bipartite EOP Ew(A1).
We then generalize our analysis to the case of multipartite EOP. Given a state ρA on a
set A = {Ai} of systems, this quantity is defined as
Ep(A) = min|ψ〉AA′ :
ψA=ρA
∑
i
S(ψAiA′i) , (1.4)
where A′ = {A′i} is a set of auxiliary systems and the minimization is over purifications |ψ〉AA′
of ρA [20, 21]. The holographic dual to (1.4) was conjectured by [20] to be given as the area
of a certain closed surface Σ defined as follows. Consider all possible ways of partitioning the
joint RT surface O := m(A) into non-overlapping regions A′i, and for each partition find the
homologous minimal surface m(AiA
′
i); Σ is their union, minimized over partitions (see fig. 2):
Ew(A) := min
{A′
i
}=
partition of O
∑
i
area(m(AiA
′
i)) =
∑
i
area(Σ(Ai)) = area(Σ) . (1.5)
To find the flow program dual to (1.5), we must first make it into a convex program; this
involves certain subtleties not present in the proof of the usual max flow-min cut theorem
(see appendix B). Modulo those issues, we find that the dual flow program involves a set
V := {vi} of flows, one for each region Ai, along with a function α on O which defines a
boundary condition for all of the flows:
Ew(A) = maxV,α
(∑
i
∫
Ai
√
hnµv
µ
i +
∫
O
√
hα
)
such that ∇µvµi = 0 , |vi| ≤ 1 , nµvµi |O = α .
(1.6)
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We can understand this program heuristically as follows. If we set α = 0, then the flows
are decoupled from each other; each vi is simply maximizing the flux from the corresponding
region Ai to the other regions ∪j 6=iAj . The optimal value is then just the sum of those
bipartite cross-sections: ∫
Ai
√
hnµv
µ
i = Ew(Ai) (1.7)
where for brevity we write Ew(Ai) for Ew(Ai : ∪j 6=iAj). Turning on α allows each flow vi
to have additional flux coming out of O. However, the flows are now coupled to each other
via the boundary condition nµv
µ
j |O = α. This constraint forces the other flows vj (j 6= i) to
also have this additional flux, limiting the amount of flux they can send to different regions.
A maximal flow configuration is found by balancing the competition to maximize the flux
of each flow. The duality guarantees this occurs exactly when each flow saturates on the
corresponding portion of Σ.
It is clear from the definition (1.4) that the multipartite EOP cannot be less than the
sum of the respects bipartite EOPs:
Ep(A) ≥
∑
i
Ep(Ai) , (1.8)
This suggests that the residue
Ep(A)−
∑
i
Ep(Ai) , (1.9)
reflects the amount of entanglement that is “truly multipartite” among the parties of A. The
conjectured holographic duals obey the same inequality:
Ew(A) ≥
∑
i
Ew(Ai) . (1.10)
This can be shown from the minimal surfaces [20], or from the flows using the above analysis,
since the right-hand side is the maximum value of the objective subject to the additional
constraint α = 0 (see Theorem 1 below).
We will show that, within the set of all solutions (or maximizing configurations) of (1.6),
there exists a subset of particularly nice solutions in which (1.7) holds, i.e. the flux of vi
emanating from Ai saturates on the bipartite surface bp(Ai). Hence the last term in the
objective, the flux on O, equals the residue of (1.10):∫
O
√
hα = Ew(A)−
∑
i
Ew(Ai) , (1.11)
suggesting again that this quantity reflect the truly multipartite entanglement.
The picture in terms of bit threads is that we have a different “color” of thread for each
region Ai. These types of threads do not interact with each other in the bulk. They are only
coupled via the constraint that, at any point on O where a thread of one color begins, a thread
of each other color must also begin. In the “nice” solutions mentioned in the last paragraph,
– 5 –
the Ai threads connecting Ai to Aj (j 6= i) represent bipartite entanglement, while the ones
connecting O to Aj represent truly multipartite entanglement.
In section 2 we articulate how to express the minimal homology region cross section in
term of flows by utilizing relative homology and convex duality. We prove a simple theorem
which describes how the addition of constraints affects convex optimization problems. Utiliz-
ing this theorem we reprove that all of the bipartite inequalities which the EOP satisfies are
also satisfied by the minimal homology region cross section. In section 3 we generalize to the
multipartite case and provide a derivation using convex duality and proofs of several bounds.
We find that with some simple restrictions we can “gauge” to a class of thread configurations
which have distinct bipartite and multipartite contributions. In 4 we comment on some future
directions of potential work. In appendix A we review the definition and basic properties of
the multiflow as well as give a flow-based proof of MMI. In appendix B we discuss a subtlety
in the convex relaxation of the holographic proposal (1.5). In appendix C we dualize another
interesting class of surfaces which allow for intersection in the bulk. Comparing to the holo-
graphic multipartite EOP, we demonstrate a common mechanism for how the manifold is able
to provide the extra flux necessary to overcome geometric obstacles. Finally, in appendix D
we provide evidence using an explicit bit thread construction of the multipartite information
that the multipartite squashed entanglement will holographically always be saturated.
The methods of convex optimization, convex duality, and convex relaxation are used
throughout this paper. Those unfamiliar with these methods may find it useful to review the
relevant sections of [22–24].
While this paper was in preparation, the paper [25] appeared, which has some overlap
with section 2 of this paper.
2 Bipartite entanglement of purification
2.1 Flows and relative homology
Starting with a Riemannian manifold M which is dual to a state of a boundary CFT on ∂M ,
the entanglement entropy of a boundary region A ⊂ ∂M is given by the RT formula [26] as
the minimal surface homologous to A
S(A) = min
m∼A
area(m). (2.1)
We define a flow vµ as a norm-bounded divergenceless vector field on M . That is ∇µvµ = 0
and |vµ| ≤ 1. Via an application of convex duality the RT formula can be expressed in terms
of flows as the maximum flux through A among all choices of flows [23]
S(A) = max
vµ
∫
A
√
hnµv
µ. (2.2)
It was shown in [24] that we can make the following generalization of the standard max
flow-min cut (MFMC) theorem for flows: If we define the minimal surface with respect to the
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relative homology A relO of a boundary region O this has the effect of allowing the minimal
surface to begin or end on O, increasing the space of allowed surface. On the flow side this
is equivalent to imposing the constraint nµv
µ|O = 0. This means no threads can end on or
pass through O.
M
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Figure 3. Shrinking M to M ′.
In order to make use of this we can further generalize to the case when O is instead an
arbitrary codimension 1 surface whose boundary lies entirely on ∂M . In other words we no
longer require that O be restricted to lie on the boundary ∂M . To prove this result we apply
convex dualization to the max flow program
max
vµ
∫
A
√
hnµv
µ s.t. nµv
µ|O = 0. (2.3)
First we construct the Lagrangian function on M
L(vµ, ψ, φ, γ) =
∫
A
√
hnµv
µ +
∫
M
√
g[−ψ∇µvµ + φ(1− |vµ|)] + γ
∫
O
√
hnµv
µ. (2.4)
To proceed we make the following observation: since the flow cannot penetrate the surface
O and the minimal surface will always be located where the threads achieve their maximum
density, the minimal surface corresponding to the dual solution can never be located in a region
of the manifold contained entirely in O or between the boundary and O. As a result without
loss of generality we are free to instead consider the manifold M ′ which is constructed by
shrinking the bulk by removing all regions the threads cannot reach (see fig. 3). This ensures
O will be a part of the boundary ∂M ′.
Now that O is a part of the boundary we can make the constraint nµvµ|O = 0 implicit
and integrate by parts
L(vµ, ψ, φ) =
∫
∂M ′\O
√
hnµv
µ(χA − ψ) +
∫
M ′
√
g[vµ∂µψ + φ(1− |vµ|)]. (2.5)
Integrating out vµ and minimizing we get the dual program
min
ψ,φ
∫
M ′
√
gφ s.t. ψ|∂M ′\O = χA, φ ≥ |∂µψ| = min
m∼A relO
area(m) onM ′. (2.6)
– 7 –
We may now view the surface as being located on M instead of M ′ and arrive at the MFMC
result
max
vµ
∫
A
√
hnµv
µ s.t. nµv
µ|O = 0 MFMC⇐⇒ min
m∼A relO
area(m) onM. (2.7)
2.2 Flow formulation
A B
m(AB)
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Ew(A : B)
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Figure 4. A maximal flow of (2.8) whose flux calculates Ew(A : B).
One can make use of (2.7) to define Ew(A : B) in terms of flows: First, determine the
homology region r(AB) and its boundary in the bulk. From this construct the submanifold
M ′ with boundary ∂M ′ = ∂r(AB) = A ∪ B ∪m(AB). By using relative homology to force
the thread configurations to remain in M ′ we can then by (2.7) define Ew(A : B) in terms of
flows:
Ew(A : B) := max
vµ
∫
A
√
hnµv
µ s.t. nµv
µ|m(AB) = 0 ⇐⇒ min
bp(A:B)∼A relm(AB)
area(bp(A : B))
(2.8)
where vµ is a flow (see fig. 4). We stress that the explicit construction of M ′ is not important
since we can view the flow as being either on M or M ′. The existence of M ′ provides a
simple argument that all the standard results of convex optimization will carry over to this
submanifold.
2.3 Relaxation of the homology region
In this subsection we will reformulate our flow program for the minimal homology region cross
section by removing the need to refer to the boundary of the homology region. To provide
some intuition consider the following: as before, split the boundary ∂M into three regions
A,B,R := (A ∪ B)c and calculate the maximum flux from A to B such that nµvµ|R = 0.
Such a maximum flow will not be contained to r(AB). What we need is a way to force the
threads to remain in r(AB) so that the flux will correctly calculate Ew(A : B).
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A BA B
Ew(A : B)
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Figure 5. Left: The flow xµ acts to change the geometry vµ can probe. Right: On the reduced
manifold the maximum flux of vµ gives the holographic EOP.
To do this consider an arbitrary partition of the manifold M by a surface homologous
to R, call it O. For such a choice of O we calculate a maximum flow from R to O and then
minimize the maximum flux with respect to choices of partition. This has the effect of forcing
O to extend far enough into the bulk such that the region between R and O contains the
minimal surface. Call this set of partitions X . By the divergencelessness condition all such
elements of X will allow the same maximal flux. Next we calculate the maximum flow from
A to B such that nµv
µ|O = 0 where O ∈ X . By construction the partition which gives the
maximum space for these threads will be the one where O is the minimal surface homologous
to R. Ew(A : B) is the flux of this flow (see fig. 5):
X = {O} s.t. min
O
max
xµ
∫
R
x (2.9)
Ew(A : B) = max
vµ,O∈X
∫
A
v s.t. nµv
µ|O = 0. (2.10)
As a result of maximizing the flux on O, the flows naturally find the minimal surface
homologous to O which forms the boundary of the homology region. From this perspective
the threads of xµ act to change the geometry of the manifold by reducing the region that the
threads of vµ can occupy. This means that there are a class of partitions of the manifold on
which we will be able to reproduce Ew(A : B). This could be anticipated by noting that the
maximal flow only saturates at the minimal homology region cross section. There is freedom
in how the threads are arranged which gives rise to a number of allowed partitions. While we
will not in general make use of this additional freedom, it is appealing to see how the threads
can give rise to the change in geometry. Since the homology region can always be canonically
chosen using this procedure, we will in general make this choice leaving the generation of the
manifold partition via threads implicit.
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2.4 Adding constraints
The following bound will be used throughout the paper and is a key tool to proving many
results. Therefore we state it as a theorem:
Theorem 1. Let P be a convex maximization program:
P : maximize f0(y) subject to fi(y) ≤ 0 ∀i and hj(y) = 0 ∀j (2.11)
with solution y∗ ∈ F where F is the set of feasible points. Let P˜ be a second convex maximiza-
tion program obtained by imposing an additional set of constraints gm(y) ≤ 0 ∀m and ln(y) =
0 ∀n on P :
P˜ : maximize f0(y) subject to fi(y) ≤ 0 ∀i , hj(y) = 0 ∀j, gm(y) ≤ 0 ∀m and ln(y) = 0 ∀n
(2.12)
and similarly define y˜∗ ∈ F˜ . Then f0(y∗) ≥ f0(y˜∗).
Proof. Suppose the opposite that is f0(y
∗) < f0(y˜∗). By construction F˜ ⊂ F which means
y˜∗ ∈ F This leads to a contradiction since then y∗ is not maximal in F . 
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fo(y
⇤)   fo(y˜⇤)
<latexit sha1_base64="qbAAsNen 4ZvNUhHRC1Fp+E3N/Ms=">AAACD3icbVDLSsNAFJ34rPVVdelmsCjVRUmq YJcFNy4r2Ac0tUymN+3QycOZiRBC/sCNv+LGhSJu3brzb5ymWWjrgQuHc+7 l3nuckDOpTPPbWFpeWV1bL2wUN7e2d3ZLe/ttGUSCQosGPBBdh0jgzIeWYo pDNxRAPIdDx5lcTf3OAwjJAv9WxSH0PTLymcsoUVoalE7cQRKklfguOUtP sT2CezxTbMX4EJI4zZxBqWxWzQx4kVg5KaMczUHpyx4GNPLAV5QTKXuWGap +QoRilENatCMJIaETMoKepj7xQPaT7J8UH2tliN1A6PIVztTfEwnxpIw9R3 d6RI3lvDcV//N6kXLr/YT5YaTAp7NFbsSxCvA0HDxkAqjisSaECqZvxXRM BKFKR1jUIVjzLy+Sdq1qnVdrNxflRj2Po4AO0RGqIAtdoga6Rk3UQhQ9omf 0it6MJ+PFeDc+Zq1LRj5zgP7A+PwBgp+cTA==</latexit>
fo(y˜
⇤)
<latexit sha1_base64="OIWNCqsm 19CivQTzgcAdLrPABsE=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCdVGS Kuiy4MZlBfuANobJZNIOncyEmYkQQ/BX3LhQxK3/4c6/cfpYaPXAhcM593L vPUHCqNKO82WVlpZXVtfK65WNza3tHXt3r6NEKjFpY8GE7AVIEUY5aWuqGe klkqA4YKQbjK8mfveeSEUFv9VZQrwYDTmNKEbaSL59EPm5KGoDTVlI8qy4 y0+LE9+uOnVnCviXuHNSBXO0fPtzEAqcxoRrzJBSfddJtJcjqSlmpKgMUkU ShMdoSPqGchQT5eXT6wt4bJQQRkKa4hpO1Z8TOYqVyuLAdMZIj9SiNxH/8/ qpji69nPIk1YTj2aIoZVALOIkChlQSrFlmCMKSmlshHiGJsDaBVUwI7uLL f0mnUXfP6o2b82rTmcdRBofgCNSACy5AE1yDFmgDDB7AE3gBr9aj9Wy9We+ z1pI1n9kHv2B9fAOZ35VB</latexit>
Figure 6. The two possible cases: In each f0(y
∗) ≥ f0(y˜∗).
In other words there are two possible cases (see fig. 6): If y∗ ∈ F˜ then necessarily y∗ = y˜∗,
but if y∗ ∈ F\F˜ then f0(y∗) must be greater then every point in F˜ . If not then there would
be a point in F˜ which is greater and we would be back to the first case.
Theorem 1 states that whenever we have a convex maximization program and we add
additional constraints, the original solution will always be an upper bound to the new one.
Thus, by relating different programs in this way we can easily derive inequalities between
them. This method allows for many of the inequalities involving EOP to be proven using our
flow construction (2.8).
2.5 Conditional EOP
Before continuing we wish to mention a straightforward generalization of the EOP. A proposal
for holographic conditional EOP was defined in [21, 27] as the minimum cross section of the
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bulk region r(ABC)\r(C). This is easily accounted for using bit threads by a modification
of the boundary condition.
Ew(A : B|C) := max
vµ
∫
A
√
hnµv
µ s.t. nµv
µ|O[AB|C] = 0 (2.13)
where O[AB|C] := ∂(r(ABC)\r(C))\A∪B. Ew(A : B|C) satisfies a modified version of each
of the inequalities that Ew(A : B) satisfies. The proofs remain essentially unchanged.
2.6 Bounds
We now proceed by deriving the inequalities that the EOP satisfies using our flow formu-
lation for the holographic proposal. This is accomplished by noting that restricting to a
smaller submanifold (i.e. decreasing the volume of the homology region) or adding topolog-
ical obstructions, such as black holes, can only reduce the space threads can occupy. These
restrictions are implemented by imposing additional constraints on the flow which increases
the region of relative homology. Because of Theorem 1, imposing a constraint can never
increase the maximal flow which means the unconstrained problem is an upper bound.
In contrast lower bounds can be found by explicit construction. If a particular thread
configuration is always allowed when maximizing (in the feasible set of the convex program)
then the true optimal value of the program will always be at least this value.
2.6.1 12I(A : B) ≤ Ew(A : B) ≤ min[S(A), S(B)]
Upper bound S(A) and Ew(A : B) only differ as flow optimization problems by the
addition of the constraint nµv
µ|m(AB) = 0. Furthermore, we note that the flow which gives
Ew(A : B) is in the feasible set of flows of S(A). Thus by Theorem 1 S(A) ≥ Ew(A : B).
The same argument is true for S(B) therefore Ew(A : B) ≤ min[S(A), S(B)].
A B
1
2
I(A : B)
<latexit sha1_base64="bBLTdEzcCuewjpT1krUjBlkRm4I=" >AAAB+nicbVBNS8NAEJ34WetXqkcvi0Wol5KUguKp6kVvFewHtKFstpt26WYTdjdKif0pXjwo4tVf4s1/47bNQVsfDDzem2Fmnh9zp rTjfFsrq2vrG5u5rfz2zu7evl04aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH11P/dYDlYpF4l6PY+qFeCBYwAjWRurZhW4gMU ndSVqZ3JYuL65Oe3bRKTszoGXiZqQIGeo9+6vbj0gSUqEJx0p1XCfWXoqlZoTTSb6bKBpjMsID2jFU4JAqL52dPkEnRumjIJKmhEY z9fdEikOlxqFvOkOsh2rRm4r/eZ1EB+deykScaCrIfFGQcKQjNM0B9ZmkRPOxIZhIZm5FZIhNFtqklTchuIsvL5Nmpew6ZfeuWqxVs zhycATHUAIXzqAGN1CHBhB4hGd4hTfryXqx3q2PeeuKlc0cwh9Ynz+wPJLp</latexit><latexit sha1_base64="bBLTdEzcCuewjpT1krUjBlkRm4I=" >AAAB+nicbVBNS8NAEJ34WetXqkcvi0Wol5KUguKp6kVvFewHtKFstpt26WYTdjdKif0pXjwo4tVf4s1/47bNQVsfDDzem2Fmnh9zp rTjfFsrq2vrG5u5rfz2zu7evl04aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH11P/dYDlYpF4l6PY+qFeCBYwAjWRurZhW4gMU ndSVqZ3JYuL65Oe3bRKTszoGXiZqQIGeo9+6vbj0gSUqEJx0p1XCfWXoqlZoTTSb6bKBpjMsID2jFU4JAqL52dPkEnRumjIJKmhEY z9fdEikOlxqFvOkOsh2rRm4r/eZ1EB+deykScaCrIfFGQcKQjNM0B9ZmkRPOxIZhIZm5FZIhNFtqklTchuIsvL5Nmpew6ZfeuWqxVs zhycATHUAIXzqAGN1CHBhB4hGd4hTfryXqx3q2PeeuKlc0cwh9Ynz+wPJLp</latexit><latexit sha1_base64="bBLTdEzcCuewjpT1krUjBlkRm4I=" >AAAB+nicbVBNS8NAEJ34WetXqkcvi0Wol5KUguKp6kVvFewHtKFstpt26WYTdjdKif0pXjwo4tVf4s1/47bNQVsfDDzem2Fmnh9zp rTjfFsrq2vrG5u5rfz2zu7evl04aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH11P/dYDlYpF4l6PY+qFeCBYwAjWRurZhW4gMU ndSVqZ3JYuL65Oe3bRKTszoGXiZqQIGeo9+6vbj0gSUqEJx0p1XCfWXoqlZoTTSb6bKBpjMsID2jFU4JAqL52dPkEnRumjIJKmhEY z9fdEikOlxqFvOkOsh2rRm4r/eZ1EB+deykScaCrIfFGQcKQjNM0B9ZmkRPOxIZhIZm5FZIhNFtqklTchuIsvL5Nmpew6ZfeuWqxVs zhycATHUAIXzqAGN1CHBhB4hGd4hTfryXqx3q2PeeuKlc0cwh9Ynz+wPJLp</latexit><latexit sha1_base64="bBLTdEzcCuewjpT1krUjBlkRm4I=" >AAAB+nicbVBNS8NAEJ34WetXqkcvi0Wol5KUguKp6kVvFewHtKFstpt26WYTdjdKif0pXjwo4tVf4s1/47bNQVsfDDzem2Fmnh9zp rTjfFsrq2vrG5u5rfz2zu7evl04aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH11P/dYDlYpF4l6PY+qFeCBYwAjWRurZhW4gMU ndSVqZ3JYuL65Oe3bRKTszoGXiZqQIGeo9+6vbj0gSUqEJx0p1XCfWXoqlZoTTSb6bKBpjMsID2jFU4JAqL52dPkEnRumjIJKmhEY z9fdEikOlxqFvOkOsh2rRm4r/eZ1EB+deykScaCrIfFGQcKQjNM0B9ZmkRPOxIZhIZm5FZIhNFtqklTchuIsvL5Nmpew6ZfeuWqxVs zhycATHUAIXzqAGN1CHBhB4hGd4hTfryXqx3q2PeeuKlc0cwh9Ynz+wPJLp</latexit>
Figure 7. A flow which gives 12I(A : B) is suboptimal to the program (2.8).
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Lower bound Following [23] , we can explicitly define the flow 12(v(A,B)−v(B,A)) where
v(A,B) is the maximum flow through A and AB. By construction 12I(A : B) =
∫
A
1
2(v(A,B)−
v(B,A)). This flow is non zero only in the homology region because both of the individual
flows v(A,B) and v(B,A) saturated on m(AB). The result of taking their difference is
therefore a flow which satisfies the condition nµv
µ|m(AB) = 0 and is in the feasible set of
Ew(A : B). Since it is an allowed flow when maximizing, Ew(A : B) will always be at least
this value therefore 12I(A : B) ≤ Ew(A : B) (see fig. 7).
Together we have:
1
2
I(A : B) ≤ Ew(A : B) ≤ min[S(A), S(B)] (2.14)
A<latexit sha1_base64="lN782Ek/ES YCTZvFKWFphMFonGc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeKF4 8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9 dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3d zvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmq dc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjrad RYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTR Zmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+f FeXc+lq0FJ585hT9wPn8AjXOMsw==</latexit><latexit sha1_base64="lN782Ek/ES YCTZvFKWFphMFonGc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeKF4 8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9 dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3d zvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmq dc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjrad RYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTR Zmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+f FeXc+lq0FJ585hT9wPn8AjXOMsw==</latexit><latexit sha1_base64="lN782Ek/ES YCTZvFKWFphMFonGc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeKF4 8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9 dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3d zvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmq dc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjrad RYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTR Zmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+f FeXc+lq0FJ585hT9wPn8AjXOMsw==</latexit><latexit sha1_base64="lN782Ek/ES YCTZvFKWFphMFonGc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeKF4 8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9 dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3d zvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmq dc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjrad RYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTR Zmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+f FeXc+lq0FJ585hT9wPn8AjXOMsw==</latexit>
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A<latexit sha1_base64="lN782Ek/ESYCTZvFKWFphMFonGc=">AAAB6HicbVB NS8NAEJ3Ur1q/qh69LBbBU0lEqMeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWy xWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQ Raj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyO IpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AjXOMsw==</latexit><latexit sha1_base64="lN782Ek/ESYCTZvFKWFphMFonGc=">AAAB6HicbVB NS8NAEJ3Ur1q/qh69LBbBU0lEqMeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWy xWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQ Raj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyO IpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AjXOMsw==</latexit><latexit sha1_base64="lN782Ek/ESYCTZvFKWFphMFonGc=">AAAB6HicbVB NS8NAEJ3Ur1q/qh69LBbBU0lEqMeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWy xWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQ Raj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyO IpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AjXOMsw==</latexit><latexit sha1_base64="lN782Ek/ESYCTZvFKWFphMFonGc=">AAAB6HicbVB NS8NAEJ3Ur1q/qh69LBbBU0lEqMeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWy xWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQ Raj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyO IpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AjXOMsw==</latexit>
m(A) = m(B)
<latexit sha1_base64="L7TT8C7jDu hcyyqv5u5uy7bu+XU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahvZRdKehFqH rxWMF+SLuUbJptQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau ++3k1tY3Nrfy24Wd3b39g+LhUUtHiSK0SSIeqU6ANeVM0qZhhtNOrCgWAaftYH w789tPVGkWyQcziakv8FCykBFsrPQoyteVK1G+qfSLJbfqzoFWiZeREmRo9Itf vUFEEkGlIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUokF1X46P3iKzqwyQGGkbEm D5urviRQLrScisJ0Cm5Fe9mbif143MeGlnzIZJ4ZKslgUJhyZCM2+RwOmKDF8Y gkmitlbERlhhYmxGRVsCN7yy6ukdV713Kp3XyvV3SyOPJzAKZTBgwuowx00oAk EBDzDK7w5ynlx3p2PRWvOyWaO4Q+czx+/E47+</latexit><latexit sha1_base64="L7TT8C7jDu hcyyqv5u5uy7bu+XU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahvZRdKehFqH rxWMF+SLuUbJptQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau ++3k1tY3Nrfy24Wd3b39g+LhUUtHiSK0SSIeqU6ANeVM0qZhhtNOrCgWAaftYH w789tPVGkWyQcziakv8FCykBFsrPQoyteVK1G+qfSLJbfqzoFWiZeREmRo9Itf vUFEEkGlIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUokF1X46P3iKzqwyQGGkbEm D5urviRQLrScisJ0Cm5Fe9mbif143MeGlnzIZJ4ZKslgUJhyZCM2+RwOmKDF8Y gkmitlbERlhhYmxGRVsCN7yy6ukdV713Kp3XyvV3SyOPJzAKZTBgwuowx00oAk EBDzDK7w5ynlx3p2PRWvOyWaO4Q+czx+/E47+</latexit><latexit sha1_base64="L7TT8C7jDu hcyyqv5u5uy7bu+XU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahvZRdKehFqH rxWMF+SLuUbJptQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau ++3k1tY3Nrfy24Wd3b39g+LhUUtHiSK0SSIeqU6ANeVM0qZhhtNOrCgWAaftYH w789tPVGkWyQcziakv8FCykBFsrPQoyteVK1G+qfSLJbfqzoFWiZeREmRo9Itf vUFEEkGlIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUokF1X46P3iKzqwyQGGkbEm D5urviRQLrScisJ0Cm5Fe9mbif143MeGlnzIZJ4ZKslgUJhyZCM2+RwOmKDF8Y gkmitlbERlhhYmxGRVsCN7yy6ukdV713Kp3XyvV3SyOPJzAKZTBgwuowx00oAk EBDzDK7w5ynlx3p2PRWvOyWaO4Q+czx+/E47+</latexit><latexit sha1_base64="L7TT8C7jDu hcyyqv5u5uy7bu+XU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahvZRdKehFqH rxWMF+SLuUbJptQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau ++3k1tY3Nrfy24Wd3b39g+LhUUtHiSK0SSIeqU6ANeVM0qZhhtNOrCgWAaftYH w789tPVGkWyQcziakv8FCykBFsrPQoyteVK1G+qfSLJbfqzoFWiZeREmRo9Itf vUFEEkGlIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUokF1X46P3iKzqwyQGGkbEm D5urviRQLrScisJ0Cm5Fe9mbif143MeGlnzIZJ4ZKslgUJhyZCM2+RwOmKDF8Y gkmitlbERlhhYmxGRVsCN7yy6ukdV713Kp3XyvV3SyOPJzAKZTBgwuowx00oAk EBDzDK7w5ynlx3p2PRWvOyWaO4Q+czx+/E47+</latexit>
m(A)
<latexit sha1_base64="7h9V/BnQLj6FxRXuabIJJp4RPbI=">AAAB63icbVB NSwMxEJ31s9avqkcvwSLUS8mKoMeKF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvb219Y3Nru7RT3t3bPzisHB23TZxqylo 0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLsnZ7MahUcR3PgVaJX5AqFGgOKl/9YUxTyZSlghjT83Fig4xoy6lgs3I/NSwhdEJGrOe oIpKZIJvfOkPnThmiKNaulEVz9fdERqQxUxm6Tkns2Cx7ufif10ttdBNkXCWpZYouFkWpQDZG+eNoyDWjVkwdIVRzdyuiY6IJtS6esgvBX355lbQv6z6u+w9X1QYu 4ijBKZxBDXy4hgbcQxNaQGEMz/AKb570Xrx372PRuuYVMyfwB97nDx4TjY8=</latexit><latexit sha1_base64="7h9V/BnQLj6FxRXuabIJJp4RPbI=">AAAB63icbVB NSwMxEJ31s9avqkcvwSLUS8mKoMeKF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvb219Y3Nru7RT3t3bPzisHB23TZxqylo 0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLsnZ7MahUcR3PgVaJX5AqFGgOKl/9YUxTyZSlghjT83Fig4xoy6lgs3I/NSwhdEJGrOe oIpKZIJvfOkPnThmiKNaulEVz9fdERqQxUxm6Tkns2Cx7ufif10ttdBNkXCWpZYouFkWpQDZG+eNoyDWjVkwdIVRzdyuiY6IJtS6esgvBX355lbQv6z6u+w9X1QYu 4ijBKZxBDXy4hgbcQxNaQGEMz/AKb570Xrx372PRuuYVMyfwB97nDx4TjY8=</latexit><latexit sha1_base64="7h9V/BnQLj6FxRXuabIJJp4RPbI=">AAAB63icbVB NSwMxEJ31s9avqkcvwSLUS8mKoMeKF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvb219Y3Nru7RT3t3bPzisHB23TZxqylo 0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLsnZ7MahUcR3PgVaJX5AqFGgOKl/9YUxTyZSlghjT83Fig4xoy6lgs3I/NSwhdEJGrOe oIpKZIJvfOkPnThmiKNaulEVz9fdERqQxUxm6Tkns2Cx7ufif10ttdBNkXCWpZYouFkWpQDZG+eNoyDWjVkwdIVRzdyuiY6IJtS6esgvBX355lbQv6z6u+w9X1QYu 4ijBKZxBDXy4hgbcQxNaQGEMz/AKb570Xrx372PRuuYVMyfwB97nDx4TjY8=</latexit><latexit sha1_base64="7h9V/BnQLj6FxRXuabIJJp4RPbI=">AAAB63icbVB NSwMxEJ31s9avqkcvwSLUS8mKoMeKF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvb219Y3Nru7RT3t3bPzisHB23TZxqylo 0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLsnZ7MahUcR3PgVaJX5AqFGgOKl/9YUxTyZSlghjT83Fig4xoy6lgs3I/NSwhdEJGrOe oIpKZIJvfOkPnThmiKNaulEVz9fdERqQxUxm6Tkns2Cx7ufif10ttdBNkXCWpZYouFkWpQDZG+eNoyDWjVkwdIVRzdyuiY6IJtS6esgvBX355lbQv6z6u+w9X1QYu 4ijBKZxBDXy4hgbcQxNaQGEMz/AKb570Xrx372PRuuYVMyfwB97nDx4TjY8=</latexit>
m(A)
<latexit sha1_base64="7h9V/BnQLj6FxRXuabIJJp4RPbI=">AAAB63icbVB NSwMxEJ31s9avqkcvwSLUS8mKoMeKF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvb219Y3Nru7RT3t3bPzisHB23TZxqylo 0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLsnZ7MahUcR3PgVaJX5AqFGgOKl/9YUxTyZSlghjT83Fig4xoy6lgs3I/NSwhdEJGrOe oIpKZIJvfOkPnThmiKNaulEVz9fdERqQxUxm6Tkns2Cx7ufif10ttdBNkXCWpZYouFkWpQDZG+eNoyDWjVkwdIVRzdyuiY6IJtS6esgvBX355lbQv6z6u+w9X1QYu 4ijBKZxBDXy4hgbcQxNaQGEMz/AKb570Xrx372PRuuYVMyfwB97nDx4TjY8=</latexit><latexit sha1_base64="7h9V/BnQLj6FxRXuabIJJp4RPbI=">AAAB63icbVB NSwMxEJ31s9avqkcvwSLUS8mKoMeKF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvb219Y3Nru7RT3t3bPzisHB23TZxqylo 0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLsnZ7MahUcR3PgVaJX5AqFGgOKl/9YUxTyZSlghjT83Fig4xoy6lgs3I/NSwhdEJGrOe oIpKZIJvfOkPnThmiKNaulEVz9fdERqQxUxm6Tkns2Cx7ufif10ttdBNkXCWpZYouFkWpQDZG+eNoyDWjVkwdIVRzdyuiY6IJtS6esgvBX355lbQv6z6u+w9X1QYu 4ijBKZxBDXy4hgbcQxNaQGEMz/AKb570Xrx372PRuuYVMyfwB97nDx4TjY8=</latexit><latexit sha1_base64="7h9V/BnQLj6FxRXuabIJJp4RPbI=">AAAB63icbVB NSwMxEJ31s9avqkcvwSLUS8mKoMeKF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvb219Y3Nru7RT3t3bPzisHB23TZxqylo 0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLsnZ7MahUcR3PgVaJX5AqFGgOKl/9YUxTyZSlghjT83Fig4xoy6lgs3I/NSwhdEJGrOe oIpKZIJvfOkPnThmiKNaulEVz9fdERqQxUxm6Tkns2Cx7ufif10ttdBNkXCWpZYouFkWpQDZG+eNoyDWjVkwdIVRzdyuiY6IJtS6esgvBX355lbQv6z6u+w9X1QYu 4ijBKZxBDXy4hgbcQxNaQGEMz/AKb570Xrx372PRuuYVMyfwB97nDx4TjY8=</latexit><latexit sha1_base64="7h9V/BnQLj6FxRXuabIJJp4RPbI=">AAAB63icbVB NSwMxEJ31s9avqkcvwSLUS8mKoMeKF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvb219Y3Nru7RT3t3bPzisHB23TZxqylo 0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLsnZ7MahUcR3PgVaJX5AqFGgOKl/9YUxTyZSlghjT83Fig4xoy6lgs3I/NSwhdEJGrOe oIpKZIJvfOkPnThmiKNaulEVz9fdERqQxUxm6Tkns2Cx7ufif10ttdBNkXCWpZYouFkWpQDZG+eNoyDWjVkwdIVRzdyuiY6IJtS6esgvBX355lbQv6z6u+w9X1QYu 4ijBKZxBDXy4hgbcQxNaQGEMz/AKb570Xrx372PRuuYVMyfwB97nDx4TjY8=</latexit>
m(B)
<latexit sha1_base64="vUYqal9VMYIT7s5mr/Ral3VTsR0=">AAAB63icbVB NSwMxEJ31s9avqkcvwSLUS8mKoMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvb219Y3Nru7RT3t3bPzisHB23TZxqylo 0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLsnZ7MahUcR3PgVaJX5AqFGgOKl/9YUxTyZSlghjT83Fig4xoy6lgs3I/NSwhdEJGrOe oIpKZIJvfOkPnThmiKNaulEVz9fdERqQxUxm6Tkns2Cx7ufif10ttdBNkXCWpZYouFkWpQDZG+eNoyDWjVkwdIVRzdyuiY6IJtS6esgvBX355lbQv6z6u+w9X1QYu 4ijBKZxBDXy4hgbcQxNaQGEMz/AKb570Xrx372PRuuYVMyfwB97nDx+YjZA=</latexit><latexit sha1_base64="vUYqal9VMYIT7s5mr/Ral3VTsR0=">AAAB63icbVB NSwMxEJ31s9avqkcvwSLUS8mKoMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvb219Y3Nru7RT3t3bPzisHB23TZxqylo 0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLsnZ7MahUcR3PgVaJX5AqFGgOKl/9YUxTyZSlghjT83Fig4xoy6lgs3I/NSwhdEJGrOe oIpKZIJvfOkPnThmiKNaulEVz9fdERqQxUxm6Tkns2Cx7ufif10ttdBNkXCWpZYouFkWpQDZG+eNoyDWjVkwdIVRzdyuiY6IJtS6esgvBX355lbQv6z6u+w9X1QYu 4ijBKZxBDXy4hgbcQxNaQGEMz/AKb570Xrx372PRuuYVMyfwB97nDx+YjZA=</latexit><latexit sha1_base64="vUYqal9VMYIT7s5mr/Ral3VTsR0=">AAAB63icbVB NSwMxEJ31s9avqkcvwSLUS8mKoMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvb219Y3Nru7RT3t3bPzisHB23TZxqylo 0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLsnZ7MahUcR3PgVaJX5AqFGgOKl/9YUxTyZSlghjT83Fig4xoy6lgs3I/NSwhdEJGrOe oIpKZIJvfOkPnThmiKNaulEVz9fdERqQxUxm6Tkns2Cx7ufif10ttdBNkXCWpZYouFkWpQDZG+eNoyDWjVkwdIVRzdyuiY6IJtS6esgvBX355lbQv6z6u+w9X1QYu 4ijBKZxBDXy4hgbcQxNaQGEMz/AKb570Xrx372PRuuYVMyfwB97nDx+YjZA=</latexit><latexit sha1_base64="vUYqal9VMYIT7s5mr/Ral3VTsR0=">AAAB63icbVB NSwMxEJ31s9avqkcvwSLUS8mKoMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvb219Y3Nru7RT3t3bPzisHB23TZxqylo 0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLsnZ7MahUcR3PgVaJX5AqFGgOKl/9YUxTyZSlghjT83Fig4xoy6lgs3I/NSwhdEJGrOe oIpKZIJvfOkPnThmiKNaulEVz9fdERqQxUxm6Tkns2Cx7ufif10ttdBNkXCWpZYouFkWpQDZG+eNoyDWjVkwdIVRzdyuiY6IJtS6esgvBX355lbQv6z6u+w9X1QYu 4ijBKZxBDXy4hgbcQxNaQGEMz/AKb570Xrx372PRuuYVMyfwB97nDx+YjZA=</latexit>
m(AB)
<latexit sha1_base64="5boWzq0GjaxhDo9+tUOopTg7fC8=">AAAB7HicbVB NS8NAEJ3Ur1q/qh69LBahXkoigh6rXjxWMG2hDWWz3bRLdzdhdyOE0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilC fxDxW3RBrypmkvmGG026iKBYhp51wcjfzO09UaRbLR5MlNBB4JFnECDZW8kX95vZ8UK25DXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnh Ee5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdRE10HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfui4bkN7+Gy 1nSLOMpwAqdQBw+uoAn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/qB2N2w==</latexit><latexit sha1_base64="5boWzq0GjaxhDo9+tUOopTg7fC8=">AAAB7HicbVB NS8NAEJ3Ur1q/qh69LBahXkoigh6rXjxWMG2hDWWz3bRLdzdhdyOE0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilC fxDxW3RBrypmkvmGG026iKBYhp51wcjfzO09UaRbLR5MlNBB4JFnECDZW8kX95vZ8UK25DXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnh Ee5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdRE10HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfui4bkN7+Gy 1nSLOMpwAqdQBw+uoAn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/qB2N2w==</latexit><latexit sha1_base64="5boWzq0GjaxhDo9+tUOopTg7fC8=">AAAB7HicbVB NS8NAEJ3Ur1q/qh69LBahXkoigh6rXjxWMG2hDWWz3bRLdzdhdyOE0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilC fxDxW3RBrypmkvmGG026iKBYhp51wcjfzO09UaRbLR5MlNBB4JFnECDZW8kX95vZ8UK25DXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnh Ee5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdRE10HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfui4bkN7+Gy 1nSLOMpwAqdQBw+uoAn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/qB2N2w==</latexit><latexit sha1_base64="5boWzq0GjaxhDo9+tUOopTg7fC8=">AAAB7HicbVB NS8NAEJ3Ur1q/qh69LBahXkoigh6rXjxWMG2hDWWz3bRLdzdhdyOE0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilC fxDxW3RBrypmkvmGG026iKBYhp51wcjfzO09UaRbLR5MlNBB4JFnECDZW8kX95vZ8UK25DXcOtEq8gtSgQGtQ/eoPY5IKKg3hWOue5yYmyLEyjHA6rfRTTRNMJnh Ee5ZKLKgO8vmxU3RmlSGKYmVLGjRXf0/kWGididB2CmzGetmbif95vdRE10HOZJIaKsliUZRyZGI0+xwNmaLE8MwSTBSztyIyxgoTY/Op2BC85ZdXSfui4bkN7+Gy 1nSLOMpwAqdQBw+uoAn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/qB2N2w==</latexit>
m(AB) = H
<latexit sha1_base64="LwlzgsM5HnzSYA49HvBRf300ekc=">AAAB7nicbVB NSwMxEJ2tX7V+VT16CRahXsquCHoRql56rGA/oF1KNs22oUl2SbJCWfojvHhQxKu/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVtHiSK 0RSIeqW6ANeVM0pZhhtNurCgWAaedYHKf+Z0nqjSL5KOZxtQXeCRZyAg2VuqI6u3d+U1jUK64NXcOtEq8nFQgR3NQ/uoPI5IIKg3hWOue58bGT7EyjHA6K/UTTWN MJnhEe5ZKLKj20/m5M3RmlSEKI2VLGjRXf0+kWGg9FYHtFNiM9bKXif95vcSE137KZJwYKsliUZhwZCKU/Y6GTFFi+NQSTBSztyIyxgoTYxMq2RC85ZdXSfui5rk1 7+GyUnfzOIpwAqdQBQ+uoA4NaEILCEzgGV7hzYmdF+fd+Vi0Fpx85hj+wPn8Ab5ZjnQ=</latexit><latexit sha1_base64="LwlzgsM5HnzSYA49HvBRf300ekc=">AAAB7nicbVB NSwMxEJ2tX7V+VT16CRahXsquCHoRql56rGA/oF1KNs22oUl2SbJCWfojvHhQxKu/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVtHiSK 0RSIeqW6ANeVM0pZhhtNurCgWAaedYHKf+Z0nqjSL5KOZxtQXeCRZyAg2VuqI6u3d+U1jUK64NXcOtEq8nFQgR3NQ/uoPI5IIKg3hWOue58bGT7EyjHA6K/UTTWN MJnhEe5ZKLKj20/m5M3RmlSEKI2VLGjRXf0+kWGg9FYHtFNiM9bKXif95vcSE137KZJwYKsliUZhwZCKU/Y6GTFFi+NQSTBSztyIyxgoTYxMq2RC85ZdXSfui5rk1 7+GyUnfzOIpwAqdQBQ+uoA4NaEILCEzgGV7hzYmdF+fd+Vi0Fpx85hj+wPn8Ab5ZjnQ=</latexit><latexit sha1_base64="LwlzgsM5HnzSYA49HvBRf300ekc=">AAAB7nicbVB NSwMxEJ2tX7V+VT16CRahXsquCHoRql56rGA/oF1KNs22oUl2SbJCWfojvHhQxKu/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVtHiSK 0RSIeqW6ANeVM0pZhhtNurCgWAaedYHKf+Z0nqjSL5KOZxtQXeCRZyAg2VuqI6u3d+U1jUK64NXcOtEq8nFQgR3NQ/uoPI5IIKg3hWOue58bGT7EyjHA6K/UTTWN MJnhEe5ZKLKj20/m5M3RmlSEKI2VLGjRXf0+kWGg9FYHtFNiM9bKXif95vcSE137KZJwYKsliUZhwZCKU/Y6GTFFi+NQSTBSztyIyxgoTYxMq2RC85ZdXSfui5rk1 7+GyUnfzOIpwAqdQBQ+uoA4NaEILCEzgGV7hzYmdF+fd+Vi0Fpx85hj+wPn8Ab5ZjnQ=</latexit><latexit sha1_base64="LwlzgsM5HnzSYA49HvBRf300ekc=">AAAB7nicbVB NSwMxEJ2tX7V+VT16CRahXsquCHoRql56rGA/oF1KNs22oUl2SbJCWfojvHhQxKu/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVtHiSK 0RSIeqW6ANeVM0pZhhtNurCgWAaedYHKf+Z0nqjSL5KOZxtQXeCRZyAg2VuqI6u3d+U1jUK64NXcOtEq8nFQgR3NQ/uoPI5IIKg3hWOue58bGT7EyjHA6K/UTTWN MJnhEe5ZKLKj20/m5M3RmlSEKI2VLGjRXf0+kWGg9FYHtFNiM9bKXif95vcSE137KZJwYKsliUZhwZCKU/Y6GTFFi+NQSTBSztyIyxgoTYxMq2RC85ZdXSfui5rk1 7+GyUnfzOIpwAqdQBQ+uoA4NaEILCEzgGV7hzYmdF+fd+Vi0Fpx85hj+wPn8Ab5ZjnQ=</latexit>
B
<latexit sha1_base64="qk7RFuYtSa +gMvQChE5lDYOqOQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF4 8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9 dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3d zvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmq dc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjrad RYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTR Zmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+f FeXc+lq0FJ585hT9wPn8AjveMtA==</latexit><latexit sha1_base64="qk7RFuYtSa +gMvQChE5lDYOqOQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF4 8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9 dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3d zvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmq dc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjrad RYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTR Zmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+f FeXc+lq0FJ585hT9wPn8AjveMtA==</latexit><latexit sha1_base64="qk7RFuYtSa +gMvQChE5lDYOqOQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF4 8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9 dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3d zvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmq dc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjrad RYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTR Zmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+f FeXc+lq0FJ585hT9wPn8AjveMtA==</latexit><latexit sha1_base64="qk7RFuYtSa +gMvQChE5lDYOqOQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF4 8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9 dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3d zvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmq dc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjrad RYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTR Zmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+f FeXc+lq0FJ585hT9wPn8AjveMtA==</latexit>
B
<latexit sha1_base64="qk7RFuYtSa+gMvQChE5lDYOqOQE=">AAAB6HicbVB NS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWy xWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQ Raj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyO IpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AjveMtA==</latexit><latexit sha1_base64="qk7RFuYtSa+gMvQChE5lDYOqOQE=">AAAB6HicbVB NS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWy xWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQ Raj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyO IpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AjveMtA==</latexit><latexit sha1_base64="qk7RFuYtSa+gMvQChE5lDYOqOQE=">AAAB6HicbVB NS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWy xWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQ Raj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyO IpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AjveMtA==</latexit><latexit sha1_base64="qk7RFuYtSa+gMvQChE5lDYOqOQE=">AAAB6HicbVB NS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWy xWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQ Raj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyO IpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AjveMtA==</latexit>
B
<latexit sha1_base64="qk7RFuYtSa+gMvQChE5lDYOqOQE=">AAAB6HicbVB NS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWy xWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQ Raj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyO IpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AjveMtA==</latexit><latexit sha1_base64="qk7RFuYtSa+gMvQChE5lDYOqOQE=">AAAB6HicbVB NS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWy xWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQ Raj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyO IpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AjveMtA==</latexit><latexit sha1_base64="qk7RFuYtSa+gMvQChE5lDYOqOQE=">AAAB6HicbVB NS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWy xWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQ Raj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyO IpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AjveMtA==</latexit><latexit sha1_base64="qk7RFuYtSa+gMvQChE5lDYOqOQE=">AAAB6HicbVB NS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWy xWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQ Raj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyO IpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AjveMtA==</latexit>
m(B)
<latexit sha1_base64="vUYqal9VMYIT7s5mr/Ral3VTsR0=">AAAB63icbVB NSwMxEJ31s9avqkcvwSLUS8mKoMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvb219Y3Nru7RT3t3bPzisHB23TZxqylo 0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLsnZ7MahUcR3PgVaJX5AqFGgOKl/9YUxTyZSlghjT83Fig4xoy6lgs3I/NSwhdEJGrOe oIpKZIJvfOkPnThmiKNaulEVz9fdERqQxUxm6Tkns2Cx7ufif10ttdBNkXCWpZYouFkWpQDZG+eNoyDWjVkwdIVRzdyuiY6IJtS6esgvBX355lbQv6z6u+w9X1QYu 4ijBKZxBDXy4hgbcQxNaQGEMz/AKb570Xrx372PRuuYVMyfwB97nDx+YjZA=</latexit><latexit sha1_base64="vUYqal9VMYIT7s5mr/Ral3VTsR0=">AAAB63icbVB NSwMxEJ31s9avqkcvwSLUS8mKoMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvb219Y3Nru7RT3t3bPzisHB23TZxqylo 0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLsnZ7MahUcR3PgVaJX5AqFGgOKl/9YUxTyZSlghjT83Fig4xoy6lgs3I/NSwhdEJGrOe oIpKZIJvfOkPnThmiKNaulEVz9fdERqQxUxm6Tkns2Cx7ufif10ttdBNkXCWpZYouFkWpQDZG+eNoyDWjVkwdIVRzdyuiY6IJtS6esgvBX355lbQv6z6u+w9X1QYu 4ijBKZxBDXy4hgbcQxNaQGEMz/AKb570Xrx372PRuuYVMyfwB97nDx+YjZA=</latexit><latexit sha1_base64="vUYqal9VMYIT7s5mr/Ral3VTsR0=">AAAB63icbVB NSwMxEJ31s9avqkcvwSLUS8mKoMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvb219Y3Nru7RT3t3bPzisHB23TZxqylo 0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLsnZ7MahUcR3PgVaJX5AqFGgOKl/9YUxTyZSlghjT83Fig4xoy6lgs3I/NSwhdEJGrOe oIpKZIJvfOkPnThmiKNaulEVz9fdERqQxUxm6Tkns2Cx7ufif10ttdBNkXCWpZYouFkWpQDZG+eNoyDWjVkwdIVRzdyuiY6IJtS6esgvBX355lbQv6z6u+w9X1QYu 4ijBKZxBDXy4hgbcQxNaQGEMz/AKb570Xrx372PRuuYVMyfwB97nDx+YjZA=</latexit><latexit sha1_base64="vUYqal9VMYIT7s5mr/Ral3VTsR0=">AAAB63icbVB NSwMxEJ31s9avqkcvwSLUS8mKoMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvb219Y3Nru7RT3t3bPzisHB23TZxqylo 0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLsnZ7MahUcR3PgVaJX5AqFGgOKl/9YUxTyZSlghjT83Fig4xoy6lgs3I/NSwhdEJGrOe oIpKZIJvfOkPnThmiKNaulEVz9fdERqQxUxm6Tkns2Cx7ufif10ttdBNkXCWpZYouFkWpQDZG+eNoyDWjVkwdIVRzdyuiY6IJtS6esgvBX355lbQv6z6u+w9X1QYu 4ijBKZxBDXy4hgbcQxNaQGEMz/AKb570Xrx372PRuuYVMyfwB97nDx+YjZA=</latexit>
Figure 8. Examples of situations where AL is saturated.
Saturation The upper bound, Ew(A : B) = min[S(A), S(B)], will saturate if the Araki-
Lieb (AL) inequality S(A) ≤ S(AB) + S(B) is saturated [2] (see fig. 8). Without loss
of generality let S(B) ≤ S(A). In the bulk AL will be saturated if and only if m(A) =
m(AB) ∪m(B) and r(A) = r(AB)\r(B) [16].
In this case it is always possible find a flow that simultaneously maximizes the flux
through A,B,AB (which is an exceptional case of the nesting property of [23]). As a result,
the part of this flow which goes to B is the maximal flow and gives Ew(A : B). That is when
we impose nµv
µ|m(AB) = 0 none of the maximal flows which give S(B) cross m(AB) and thus
imposing the constraint to get Ew(A : B) cannot decrease the flow.
If we have a bipartite pure state both inequalities saturate as S(AB) = 0 and m(A) =
m(B). Trivially, m(AB) = ∅ and Ew(A : B) = S(A) = S(B). Therefore, I(A : B) = 2S(A)
and 12I(A : B) = Ew(A : B).
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2.6.2 Ew(A : BC) ≥ Ew(A : B)
We can define the two convex programs as:
Ew(A : BC) = max
vµ
∫
A
√
hnµv
µ s.t. nµv
µ|m(ABC) = 0
Ew(A : B) = max
vµ
∫
A
√
hnµv
µ s.t. nµv
µ|m(ABC) = 0, nµvµ|m(AB) = 0
(2.15)
m(ABC)
<latexit sha1_base64="haKNMAhNXkK1xhGYpt3XjmEG/ec=">A AACGHicdVBLTwIxGOziC/GFevTSSEwwMdhdCeAN5eIRExGSZUO6pUBD95G2a0I2/Awv/hUvHjTGKzf/jV1gEzU6SZPJzHzt13FDzqRC6N PIrKyurW9kN3Nb2zu7e/n9g3sZRILQFgl4IDoulpQzn7YUU5x2QkGx53LadseNxG8/UCFZ4N+pSUgdDw99NmAEKy318udxd36JLYauE6 PSZa1ilStnqIRQ1bTMhFjV8kV56hWvrhun016+kIZgGoJpCJpaSVAASzR7+Vm3H5DIo74iHEtpmyhUToyFYoTTaa4bSRpiMsZDamvqY49 KJ57vNIUnWunDQSD08RWcq98nYuxJOfFcnfSwGsnfXiL+5dmRGtScmPlhpKhPFg8NIg5VAJOWYJ8JShSfaIKJYHpXSEZYYKJ0lzldQvpT +D+5t0omKpm35UIdLevIgiNwDIrABFVQBzegCVqAgEfwDF7Bm/FkvBjvxscimjGWM4fgB4zZF59pm6c=</latexit><latexit sha1_base64="haKNMAhNXkK1xhGYpt3XjmEG/ec=">A AACGHicdVBLTwIxGOziC/GFevTSSEwwMdhdCeAN5eIRExGSZUO6pUBD95G2a0I2/Awv/hUvHjTGKzf/jV1gEzU6SZPJzHzt13FDzqRC6N PIrKyurW9kN3Nb2zu7e/n9g3sZRILQFgl4IDoulpQzn7YUU5x2QkGx53LadseNxG8/UCFZ4N+pSUgdDw99NmAEKy318udxd36JLYauE6 PSZa1ilStnqIRQ1bTMhFjV8kV56hWvrhun016+kIZgGoJpCJpaSVAASzR7+Vm3H5DIo74iHEtpmyhUToyFYoTTaa4bSRpiMsZDamvqY49 KJ57vNIUnWunDQSD08RWcq98nYuxJOfFcnfSwGsnfXiL+5dmRGtScmPlhpKhPFg8NIg5VAJOWYJ8JShSfaIKJYHpXSEZYYKJ0lzldQvpT +D+5t0omKpm35UIdLevIgiNwDIrABFVQBzegCVqAgEfwDF7Bm/FkvBjvxscimjGWM4fgB4zZF59pm6c=</latexit><latexit sha1_base64="haKNMAhNXkK1xhGYpt3XjmEG/ec=">A AACGHicdVBLTwIxGOziC/GFevTSSEwwMdhdCeAN5eIRExGSZUO6pUBD95G2a0I2/Awv/hUvHjTGKzf/jV1gEzU6SZPJzHzt13FDzqRC6N PIrKyurW9kN3Nb2zu7e/n9g3sZRILQFgl4IDoulpQzn7YUU5x2QkGx53LadseNxG8/UCFZ4N+pSUgdDw99NmAEKy318udxd36JLYauE6 PSZa1ilStnqIRQ1bTMhFjV8kV56hWvrhun016+kIZgGoJpCJpaSVAASzR7+Vm3H5DIo74iHEtpmyhUToyFYoTTaa4bSRpiMsZDamvqY49 KJ57vNIUnWunDQSD08RWcq98nYuxJOfFcnfSwGsnfXiL+5dmRGtScmPlhpKhPFg8NIg5VAJOWYJ8JShSfaIKJYHpXSEZYYKJ0lzldQvpT +D+5t0omKpm35UIdLevIgiNwDIrABFVQBzegCVqAgEfwDF7Bm/FkvBjvxscimjGWM4fgB4zZF59pm6c=</latexit><latexit sha1_base64="haKNMAhNXkK1xhGYpt3XjmEG/ec=">A AACGHicdVBLTwIxGOziC/GFevTSSEwwMdhdCeAN5eIRExGSZUO6pUBD95G2a0I2/Awv/hUvHjTGKzf/jV1gEzU6SZPJzHzt13FDzqRC6N PIrKyurW9kN3Nb2zu7e/n9g3sZRILQFgl4IDoulpQzn7YUU5x2QkGx53LadseNxG8/UCFZ4N+pSUgdDw99NmAEKy318udxd36JLYauE6 PSZa1ilStnqIRQ1bTMhFjV8kV56hWvrhun016+kIZgGoJpCJpaSVAASzR7+Vm3H5DIo74iHEtpmyhUToyFYoTTaa4bSRpiMsZDamvqY49 KJ57vNIUnWunDQSD08RWcq98nYuxJOfFcnfSwGsnfXiL+5dmRGtScmPlhpKhPFg8NIg5VAJOWYJ8JShSfaIKJYHpXSEZYYKJ0lzldQvpT +D+5t0omKpm35UIdLevIgiNwDIrABFVQBzegCVqAgEfwDF7Bm/FkvBjvxscimjGWM4fgB4zZF59pm6c=</latexit>
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Figure 9. The reduction to r(ABC). Imposing a second constraint reduces the manifold further to
r(AB).
Since we can get Ew(A : B) by starting with Ew(A : BC) and imposing an additional
constraint and the maximal flow of Ew(A : B) is an allowed flow of Ew(A : BC), by Theorem
1 Ew(A : B) can only be as big as Ew(A : BC) (see fig. 9)
Ew(A : BC) ≥ Ew(A : B). (2.16)
2.6.3 Ew(AA˜ : BB˜) ≥ Ew(A : B) + Ew(A˜ : B˜)
This superadditivity inequality always holds in the bulk, but will not hold on the boundary
for a generic state. As a result it may be a criterion for determining whether a state has
a holographic description similar to MMI [11]. The maximal flow which gives Ew(A : B) +
Ew(A˜ : B˜) is an allowed flow of the convex program of Ew(AA˜ : BB˜), but Ew(A : B)+Ew(A˜ :
B˜) has the additional constraint nµv
µ|O′ = 0 which acts to separate r(AB) and r(A˜B˜) (see
fig. 10). As a result
Ew(AA˜ : BB˜) ≥ Ew(A : B) + Ew(A˜ : B˜) (2.17)
by Theorem 1.
Saturation This inequality will saturate if and only if the boundary state is a product
ρ(AA˜)(BB˜) = ρAB ⊗ ρA˜B˜. When this happens the mutual information I(AB : A˜B˜) = 0. In
the bulk this means the two homology regions r(AB) and r(A˜B˜) are disconnected [16] and
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Figure 10. The green surfaces are the additional boundary constraints which must be imposed to
separate r(AB) and r(A˜B˜).
implies there will be no maximal flow which has threads connecting AB and A˜B˜. In this case
no additional constraints are needed, O′ = ∅ and the two programs are equivalent sharing the
same maximum.
Multiple Regions
In order to proceed to cases where we deal with more than two boundary regions indepen-
dently at a time we need to utilize some additional technology. Because now the flow will be
connecting multiple regions we need a way to keep track of the threads extending between
each region and ensure that the entire combination is still a valid flow. To this end we make
use of the multiflow construction of [28] which accomplishes just this. Essentially, a multiflow
is a collection of flows such that the linear combination of any flows in a region (referred to
here as a subflow) is itself a flow. Those interested can find definitions and a flow proof of
MMI in A.
In what follows, we will use multiflows to prove some remaining inequalities involving
EOP. These inequalities involve more than two regions, but contain only quantities which
are bipartite. As a consequence their proof requires only (2.14) and MMI (A.3). Since each
of these inequalities has been proven using bit threads we cite the direct proofs using these
properties.
2.6.4 Ew(A : BC) ≥ 12I(A : B) + 12I(A : C)
By directly applying MMI (A.3) to (2.14) we get
Ew(A : BC) ≥ 1
2
I(A : BC) ≥ 1
2
I(A : B) +
1
2
I(A : C). (2.18)
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2.6.5 If ABC is pure Ew(A : B) + Ew(A : C) ≥ Ew(A : BC)
Consider a maximal multiflow Vm for a pure state of ∂M = ABC. By maximality we know
the single interval subflows are saturated
S(A) = Ew(A : BC) =
∫
A
vA S(B) =
∫
B
vB S(C) =
∫
C
vC . (2.19)
As a consequence of purity the two interval subflows are saturated as well and can be related
to the single interval subflows
vAB = −vC , vBC = −vA, vAC = −vB. (2.20)
This implies the mutual information can be written simply as
I(A : B) = S(A) + S(B)− S(AB) = 2
∫
A
vAB. (2.21)
Let v′AB be the maximal flow on the manifold r(AB) whose flux gives Ew(A : B) similarly
define v′′AC on r(AC) for Ew(A : C). Using the definition of the flows and the lower bound of
(2.14) we can rederive the inequality
Ew(A : B) + Ew(A : C) =
∫
A
(v′AB + v
′′
AC) ≥
1
2
(I(A : B) + I(A : C)) =∫
A
(vAB + vAC) =
∫
A
vA = Ew(A : BC).
(2.22)
3 Multipartite entanglement of purification
We will now generalize to the case of more than two boundary regions. The multipartite EOP
was defined by [20, 21] in the boundary CFT as
Ep(A) = min|ψ〉AA′
∑
i
S(AiA
′
i) (3.1)
where A = {Ai}, A′ = {A′i}, and the minimization is over purifications of ρA.
A1
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Figure 11. The holographic multipartite EOP proposal of [20].
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The holographic dual to (3.1) was conjectured by [20] to be given as the minimal closed
surface among all possible partitions of the boundary region O into regions A′i each belonging
to Ai
3 (see fig. 11)
Ew(A) := minA′
∑
i
area(m(AiA
′
i)) =
∑
i
area(Σ(Ai)) = area(Σ) (3.2)
where Σ := ∪iΣ(Ai).
Before dualizing there is another geometric quantity we wish to mention for its importance
in the interpretation of our construction. Consider a maximal multiflow which remains in the
homology region r(A):4
area(bp(A)) := maxVm
∑
i, j
∫
Ai
vij s.t. nµv
µ
ij |m(A) = 0 . (3.3)
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Figure 12. The sum of the area of the bipartite homology region cross sections for multiple regions
is given by the flux of a maximal multiflow confined to r(A).
3Historically, another surface proposal for the multipartite EOP was considered in [21] which allows for
bulk intersection. Being an interesting class of of surfaces in the bulk we provide a dualization of these in C.
4In making this definition we have chosen to sum over all of the flows. This amounts to a different
normalization than that of the bipartite case. This has been done for clarity and to remain notationally
consistent with [20, 21].
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bp(A1)
Figure 13. The surface bp(A) is a geometric obstacle to the maximal flow. Additional flux is needed
on O in order to get flows which saturate on Σ.
As a result of Theorem 2 the flux of this flow calculates precisely the sum of the bipartite
homology region cross sections which is the minimal surface dual to the maximal multiflow
on r(A)
area(bp(A)) =
∑
i
Ew(Ai : ∪i 6=jAj). (3.4)
This surface is the natural geometric obstruction to flows in the bulk, but by definition is
purely bipartite (see fig. 12). We will find that any formulation of multipartite entanglement
must inherently find a way to circumvent this obstacle (see fig. 13).5
3.1 Derivation
3.1.1 Convex and integer relaxation
We will now derive our flow dual to (3.2) using convex dualization. For clarity we will explicitly
go through all the steps. In order to dualize we must first write this optimization problem as
a convex program. Starting with (3.2) we perform a convex relaxation by introducing scalar
fields {ψi} which smear the surface to form level sets in the bulk. For each ψi we must impose
boundary conditions based upon where the surface ends. We arrive at the relaxed program
min
{ψi}
∑
i
∫
M
√
g|∇µψi| s.t. ψi|Aj = δij ,
∑
i
ψi|O = 1 On O: ψi ∈ {0, 1}. (3.5)
Here the constraints on O force a division: a piece of O must belong to only one Ai. The
problem with the program as written is that it is an integer program and as a result is not
convex. In order to make use of the tools of convex optimization it is necessary to perform
5The surface bp(Ai) is the minimal surface homologous to Ai relative to O. That is we can define a part of
O called A′i which “belongs” to Ai. Finding the surface Σ(Ai) is similar except for the additional condition
that after splitting O among all of A there can be nothing left, everything must be assigned. This is more
restrictive in that the resulting surface must be closed
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an additional relaxation to the program. This is done by increasing the domain of the ψi’s to
be over the reals6 resulting in a further relaxed program which is convex:
min
{ψi}
∑
i
∫
M
√
g|∇µψi| s.t. ψi|Aj = δij ,
∑
i
ψi
∣∣∣∣∣
O
= 1 (3.6)
The consequence of this relaxation is an increase in the space of surfaces which are
considered when minimizing. Namely, the relaxation now allows surface where regions of
O are shared in a constrained way between the different regions A. Generically, the two
programs (3.5) and (3.6) are not the same and may have different minima. In fact we can
find explicit examples where the two programs disagree. We do not know a complete set of
sufficient and necessary conditions to guarantee agreement, but it is true that in many cases
of interest we find that the original surface proposal and our relaxed program give the same
result. This is essentially a consequence of convexity of the relevant surfaces which results
from the negative curvature of the manifold. As we continue we will assume we are working in
such cases when the two programs (3.5) and (3.6) are in fact equivalent and relegate further
details and discussion of the integer relaxation to B.
We wish to comment however that the relaxed program with its increased feasible space
of surfaces represents an interesting class of geometric surfaces in the bulk. It is entirely
possible that this generalization captures multipartite EOP as a separate proposal (which
agrees with the current one in certain cases) or could represent another class of surfaces with
a potential dual information theoretic interpretation.
3.1.2 Dualization
We proceed with the dualization of (3.6) by imposing each constraint with a Lagrange mul-
tiplier and find the Lagrangian:
L({ψ}, {φ}, {vµ}, {γ}, α) =
∑
i
∫
M
√
g [|φµi|+ vµi (φµi −∇µψi)]
+
∫
Ai
√
h
γii(ψi − 1) +∑
i 6=j
γijψj
+ ∫
O
√
h(−α)(ψi − 1).
(3.7)
For convenience we define the covectors φµi = ∇µψi the equivalence of which is imposed by
the Lagrange multipliers vµi . These vector fields will be the dual variables which are our flows.
We first dualize with respect to {φ} and get the standard bulk flow norm bound constraints:
φµiv
µ
i + |φµi| = 0, |vµi | ≤ 1 (3.8)
6Such a relaxation of variables from being integer valued is very common in the field of integer programming.
Notably, if one has a linear objective and the constraints are totally unimodular then this relaxation will not
introduce a so called integrality gap: the two program will have the same optimal configuration. This is the
content of the Hoffman-Kruskal Theorem. A totally unimodular matrix is one which every square submatrix
has determinant −1, 0, 1. Interestingly, our constraints though infinite in number have this property. Sadly,
the absence of an integrality gap can not be guaranteed in the case of a convex objective.
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Utilizing these and performing integration by parts the Lagrangian becomes
∑
i
∫
M
√
gψi∇µvµi +
∫
Ai
√
h
γii(ψi − 1) +∑
i 6=j
γijψj +
∑
j
nµv
µ
j ψj

+
∫
O
√
h
−α(ψi − 1) +∑
j
nµv
µ
j ψj
 .
(3.9)
Finally we dualize with respect to the remaining primal variables {ψ}
On M : ∇µvµi = 0
On Ai: γii + nµv
µ
i = 0, γij + nµv
µ
j = 0
On O: − α+ nµvµi = 0.
(3.10)
This gives the dual program which requires us to maximize over a set of flows V and the
function α on O:
Ew(A) = maxV,α
(∑
i
∫
Ai
√
hnµv
µ
i +
∫
O
√
hα
)
s.t.
∇µvµi = 0, |vi| ≤ 1, nµvµi |O = α .
(3.11)
This flow program for the holographic multipartite EOP proposal is our main result.
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A3
<latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8Ikg="> AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPVi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lr fTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJv+7l55NetebW3R nIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M /rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8azuuXXv/qLWuCniKMMRHMMpeHAJDbiDJvjAQMAzv MKbo5wX5935mLeWnGLmEP7A+fwBfxiOdw==</latexit><latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8Ikg="> AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPVi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lr fTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJv+7l55NetebW3R nIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M /rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8azuuXXv/qLWuCniKMMRHMMpeHAJDbiDJvjAQMAzv MKbo5wX5935mLeWnGLmEP7A+fwBfxiOdw==</latexit><latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8Ikg="> AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPVi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lr fTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJv+7l55NetebW3R nIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M /rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8azuuXXv/qLWuCniKMMRHMMpeHAJDbiDJvjAQMAzv MKbo5wX5935mLeWnGLmEP7A+fwBfxiOdw==</latexit><latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8Ikg="> AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPVi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lr fTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJv+7l55NetebW3R nIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M /rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8azuuXXv/qLWuCniKMMRHMMpeHAJDbiDJvjAQMAzv MKbo5wX5935mLeWnGLmEP7A+fwBfxiOdw==</latexit>
vA1
<latexit sha1_base64="T+2d2Si+h8 GnnBU9NfKZGij0Yt0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgj1WvHi sYD+kXZZsmrahSXZJsoWy7K/w4kERr/4cb/4b03YP2vpg4PHeDDPzwpgzbVz32y lsbG5t7xR3S3v7B4dH5eOTto4SRWiLRDxS3RBrypmkLcMMp91YUSxCTjvh5G7ud 6ZUaRbJRzOLqS/wSLIhI9hY6WkapLdB6mVZUK64VXcBtE68nFQgRzMof/UHEUkE lYZwrHXPc2Pjp1gZRjjNSv1E0xiTCR7RnqUSC6r9dHFwhi6sMkDDSNmSBi3U3xMp FlrPRGg7BTZjverNxf+8XmKGdT9lMk4MlWS5aJhwZCI0/x4NmKLE8JklmChmb0V kjBUmxmZUsiF4qy+vk3at6l1Vaw/XlUY9j6MIZ3AOl+DBDTTgHprQAgICnuEV3h zlvDjvzseyteDkM6fwB87nD9PrkGQ=</latexit>
A1
<latexit sha1_base64="k+h964TObYPCgnqiXxTA9a0AHzc=" >AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0 HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJv+nn3rRfrbl 1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7Ms jcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8 YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98Do51</latexit><latexit sha1_base64="k+h964TObYPCgnqiXxTA9a0AHzc=" >AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0 HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJv+nn3rRfrbl 1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7Ms jcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8 YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98Do51</latexit><latexit sha1_base64="k+h964TObYPCgnqiXxTA9a0AHzc=" >AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0 HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJv+nn3rRfrbl 1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7Ms jcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8 YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98Do51</latexit><latexit sha1_base64="k+h964TObYPCgnqiXxTA9a0AHzc=" >AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0 HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJv+nn3rRfrbl 1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7Ms jcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8 YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98Do51</latexit>
A2
<latexit sha1_base64="xTOsVmjGs1utmD1T75OINNWKn4w=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj14rGCaQttKJ vtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k3/Tz+rRfqbo1dw6ySryCVKFAs1/56g0SlsVcIZPUmK7nphjkVKNgkk/LvczwlL IxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ipp1WueW/MeLquN2yKOEpzCGVyAB1fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz99k452</latexit><latexit sha1_base64="xTOsVmjGs1utmD1T75OINNWKn4w=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj14rGCaQttKJ vtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k3/Tz+rRfqbo1dw6ySryCVKFAs1/56g0SlsVcIZPUmK7nphjkVKNgkk/LvczwlL IxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ipp1WueW/MeLquN2yKOEpzCGVyAB1fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz99k452</latexit><latexit sha1_base64="xTOsVmjGs1utmD1T75OINNWKn4w=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj14rGCaQttKJ vtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k3/Tz+rRfqbo1dw6ySryCVKFAs1/56g0SlsVcIZPUmK7nphjkVKNgkk/LvczwlL IxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ipp1WueW/MeLquN2yKOEpzCGVyAB1fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz99k452</latexit><latexit sha1_base64="xTOsVmjGs1utmD1T75OINNWKn4w=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj14rGCaQttKJ vtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k3/Tz+rRfqbo1dw6ySryCVKFAs1/56g0SlsVcIZPUmK7nphjkVKNgkk/LvczwlL IxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ipp1WueW/MeLquN2yKOEpzCGVyAB1fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz99k452</latexit>
A3
<latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8Ikg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPVi8cKxhbaUD bbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJv+7l55NetebW3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8 pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8azuuXXv/qLWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfxiOdw==</latexit><latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8Ikg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPVi8cKxhbaUD bbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJv+7l55NetebW3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8 pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8azuuXXv/qLWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfxiOdw==</latexit><latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8Ikg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPVi8cKxhbaUD bbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJv+7l55NetebW3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8 pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8azuuXXv/qLWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfxiOdw==</latexit><latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8Ikg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPVi8cKxhbaUD bbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJv+7l55NetebW3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8 pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8azuuXXv/qLWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfxiOdw==</latexit>
vA2
<latexit sha1_base64="flN7tH9kzpws1ZTu3QlLHrlDVKA=">AAAB8HicbVB NSwMxEJ2tX7V+VT16CRbBU9mtgj1WvHisYD+kXZZsmrahSXZJsoWy7K/w4kERr/4cb/4b03YP2vpg4PHeDDPzwpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTto4SRWiL RDxS3RBrypmkLcMMp91YUSxCTjvh5G7ud6ZUaRbJRzOLqS/wSLIhI9hY6WkapLdBWsuyoFxxq+4CaJ14OalAjmZQ/uoPIpIIKg3hWOue58bGT7EyjHCalfqJpjEm EzyiPUslFlT76eLgDF1YZYCGkbIlDVqovydSLLSeidB2CmzGetWbi/95vcQM637KZJwYKsly0TDhyERo/j0aMEWJ4TNLMFHM3orIGCtMjM2oZEPwVl9eJ+1a1buq1 h6uK416HkcRzuAcLsGDG2jAPTShBQQEPMMrvDnKeXHenY9la8HJZ07hD5zPH9VxkGU=</latexit>
A1
<latexit sha1_base64="k+h964TObYPCgnqiXxTA9a0AHzc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cKpi20oWy2 m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJv+nn3rRfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfK upYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98Do51</latexit><latexit sha1_base64="k+h964TObYPCgnqiXxTA9a0AHzc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cKpi20oWy2 m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJv+nn3rRfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfK upYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98Do51</latexit><latexit sha1_base64="k+h964TObYPCgnqiXxTA9a0AHzc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cKpi20oWy2 m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJv+nn3rRfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfK upYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98Do51</latexit><latexit sha1_base64="k+h964TObYPCgnqiXxTA9a0AHzc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cKpi20oWy2 m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJv+nn3rRfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfK upYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98Do51</latexit>
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Figure 14. An example of a maximal flow configuration V to (3.11) for three regions. Note the local
flux on O which we call α is the same for all three of the flows. In the example each surface bp(Ai)
can support three threads while each surface Σ(Ai) can support four.
The program (3.11) involves several flows, one for each boundary region Ai. These flows
interact with each other only through the constraint nµv
µ
i |O = α. The flow lines can be
thought of as different-colored threads, or as living on different copies of the manifold that
are glued together along O.7 As an example of an optimal configuration to provide intuition
see fig. 14.
7This perspective has tantalizing visual overlap and possible connections to notions of wormhole geometries
[3, 7, 29].
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An important feature of (3.11) is that at no point were we required to define a partition
of O.8 That is the threads find the correct location of Σ (where they saturate) naturally as
a result of the maximization. This is in contrast to the cut side where we were required
to explicitly minimize over both the area of surfaces and choice of partition. In a sense
the lack of knowledge of the optimal partition is what makes this problem hard. Given
the optimal partition Ew(A) can be calculated trivially using standard flows which calculate
entanglement entropies. This however hides the rich structure and multipartite nature which
we will demonstrate.
For the reader familiar with the notion of a multiflow [28], we emphasize that these
flows do not define a multiflow since they do not necessarily obey a joint norm bound. (See
appendix A for a review and discussion of multiflows.)
3.2 Flow decomposition
In order to interpret the maximal flows of our program (3.11), we find it convenient to make
some restrictions on the space of solutions. To do so we place additional constraints on the
flow program which act to steer us towards a particular class of solutions. These solutions
have the property of isolating the bipartite contribution from an additional term which is
truly multipartite. This separation leads to a drastic simplification.
Let S ⊂ F be the space of maximal flow configurations, which is a subset of all of the
feasible points of the convex program. We now define the subspace S ′ ⊂ S with the following
constraints:
• The flux on the boundary O is everywhere positive: α = nµvµi |O ≥ 0.
• The total flux on the boundary O is as small as possible.
• The flow configuration contains no threads which contribute zero to the objective. This
includes loops and threads which connect regions where the flux is not being counted.
The last of these constraints is simply implemented for convenience and can always be
done. It allows us to discuss “simple” solutions which only contain threads which count
towards the objective. Given a maximal thread configuration which contains such spurious
threads we define a new solution by deleting them.
The result of this appropriate gauging of the solution is that the holographic multi-
partite EOP proposal has a natural decomposition into the number of threads connecting
the regions Ai to each other, which equals the total bipartite homology region cross section∑
area(bp(Ai)), and an additional term counting the number of threads on O, which is fun-
damentally multipartite. This leads naturally to the conjecture that the actual multipartite
8Since O = m(A) is the minimal surface homologous to Ac any threads on O can always nonuniquely be
extended back to Ac. In this sense one could view the flows as elements of the full manifold M . Moving
forward we will not adopt this viewpoint.
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EOP may exhibit a similar decomposition:
Ep(A) =
∑
i
Ep(Ai : ∪i 6=jAj) +M(A) (3.12)
where M(A) is the multipartite contribution.
Our task is to implement each of the above constraints in the convex maximization
program and understand how they respond to dualization. This will allow us to define a
modified dual which implements the restriction to S ′. We will argue that each of these
constraints does not affect the optimal value of our program.
3.2.1 Forcing α ≥ 0
The first restriction we would like to add to the flow program (3.11) is α ≥ 0:
E˜w(A) = maxV,α
(∑
i
∫
Ai
√
hnµv
µ
i +
∫
O
√
hα
)
s.t.
∇µvµi = 0 , |vi| ≤ 1 , nµvµi |O = α , α ≥ 0 .
(3.13)
In the dualization presented in subsection 3.1.2 above, α arose as the Lagrange multiplier
for the equality constraint
∑
ψi|O = 1. According to the rules of convex dualization, an
inequality constraint is enforced by a non-negative Lagrange multiplier, so changing this to
an inequality constraint
∑
ψi|O ≥ 1 simply leads to the additional inequality constraint α ≥ 0
on the dual, which is just what we want. Thus the dual of (3.13) is as follows:
E˜w(A) = min{ψi}
∑
i
∫
M
√
g|∇µψi| s.t. ψi|Aj = δij ,
∑
i
ψi
∣∣∣∣∣
O
≥ 1 . (3.14)
We will now argue that these two programs are equivalent to (3.11) and (3.6), i.e. that
the new constraint α ≥ 0 and the new relaxation ∑ψi|O ≥ 1 have no affect on the optimal
value of these programs, and thus E˜w(A) = Ew(A).
We have two arguments for this equivalence. First, as argued in appendix B, we don’t
expect that in the solution to (3.6) the regions where the different ψis are non-zero will overlap
(at least in geometries relevant for AdS/CFT dualities), and the same argument applies to
(3.14). In this case, we can show that the solution must have ψi ≤ 1 everywhere: if ψi > 1
somewhere, setting it to 1 reduces the value of the objective while maintaining the boundary
conditions. Therefore
∑
ψi ≤ 1 everywhere, and in particular on O the sum equals 1.
The second argument applies complementary slackness to the new inequality constraint.
This says that, if at a given point x ∈ O, there exists an optimal flow configuration with
α(x) > 0, then for all optimal configurations of (3.14),
∑
ψi(x) = 1. Given the well-known
non-uniqueness of max flows, it would be surprising if there was no way to have a non-zero
flux at some given point on O.
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3.2.2 Minimizing flux on O
In the program (3.13), the flow vi has non-negative flux on O. Therefore, in any feasible
configuration, its flux on Ai is bounded above by the bipartite homology-region cross section:∫
Ai
√
hnµv
µ
i ≤ area(bp(Ai)) . (3.15)
We will now show that the bounds (3.15) are collectively tight: there exist optimal configu-
rations in which they are simultaneously saturated for all i.
In the space S of solutions of (3.13), the different terms in the objective do not necessarily
take fixed values: a given term can take different values on different solutions, although of
course the total value of the objective is the same in all the solutions. We are interested in
solutions in which the first term is as large as possible and the second term (the flux on O)
as small as possible. To steer the solution in that direction, we add to the objective a term

∑∫
Ai
vi, where  is small and positive, yielding the following modified program:
E˜w(A) = maxV,α
(
(1 + )
∑
i
∫
Ai
√
hnµv
µ
i +
∫
O
√
hα
)
s.t.
∇µvµi = 0 , |vi| ≤ 1 , nµvµi |O = α , α ≥ 0 .
(3.16)
In general, for concave functions f and g,
max(f + g) = max f + max
S
g (3.17)
(to first order in ), where S is the set of maximizers of f . In this case, we have
E˜w(A) = E˜w(A) + maxS
∑
i
∫
Ai
√
hnµv
µ
i . (3.18)
We will show that the optimal value is bounded below as follows:
E˜w(A) ≥ E˜w(A) + 
∑
i
area(bp(Ai)) , (3.19)
so
max
S
∑
i
∫
Ai
√
hnµv
µ
i ≥
∑
i
area(bp(Ai)) . (3.20)
Given the inequalities (3.15), this can only hold if there exist solutions to (3.13) in which all
of those inequalities are saturated (and thus (3.20) is also saturated).
To show (3.19), we first note that, by a straightforward dualization, (3.16) is equivalent
to a version of (3.14) with a modified boundary condition:
E˜w(A) = min{ψi}
∑
i
∫
M
√
g |∇µψi| s.t. ψi|Aj = (1 + )δij ,
∑
i
ψi
∣∣∣∣∣
O
≥ 1 . (3.21)
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Consider now a feasible configuration of (3.21). We can turn it into a feasible configuration
for (3.14) as follows: Wherever ψi < 0, set it to 0, and wherever ψi > 1, set it to 1. Since it is
a feasible configuration for (3.14), the objective has value no less than E˜w(A). This operation
reduces the objective because it removes level sets. (Recall that, by the co-area formula, the
term
∫ |∇ψi| in the objective equals the area of the level set {x : ψi(x) = p}, integrated over
p.) In particular, the level sets for 1 < ψi < 1 +  are homologous to Ai relative to O, and
therefore have area at least bp(Ai). So the reduction in the objective is at least

∑
i
area(bp(Ai)) , (3.22)
which establishes the inequality (3.19).
We will denote the set of solutions to (3.16) that saturate (3.15) S ′. These decompose the
holographic multipartite EOP into bipartite and “truly multipartite” contributions.9 From
now on we will assume that all of the solutions of (3.11) we consider are in S ′ unless otherwise
stated.
3.3 V flows
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A2
<latexit sha1_base64="xTOsVmjGs1utmD1T75OINNWKn4w=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kk kR9Fj14rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k3/Tz+rRfqbo1 dw6ySryCVKFAs1/56g0SlsVcIZPUmK7nphjkVKNgkk/LvczwlLIxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ipp1Wu eW/MeLquN2yKOEpzCGVyAB1fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz99k452</latexit><latexit sha1_base64="xTOsVmjGs1utmD1T75OINNWKn4w=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kk kR9Fj14rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k3/Tz+rRfqbo1 dw6ySryCVKFAs1/56g0SlsVcIZPUmK7nphjkVKNgkk/LvczwlLIxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ipp1Wu eW/MeLquN2yKOEpzCGVyAB1fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz99k452</latexit><latexit sha1_base64="xTOsVmjGs1utmD1T75OINNWKn4w=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kk kR9Fj14rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k3/Tz+rRfqbo1 dw6ySryCVKFAs1/56g0SlsVcIZPUmK7nphjkVKNgkk/LvczwlLIxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ipp1Wu eW/MeLquN2yKOEpzCGVyAB1fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz99k452</latexit><latexit sha1_base64="xTOsVmjGs1utmD1T75OINNWKn4w=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kk kR9Fj14rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k3/Tz+rRfqbo1 dw6ySryCVKFAs1/56g0SlsVcIZPUmK7nphjkVKNgkk/LvczwlLIxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ipp1Wu eW/MeLquN2yKOEpzCGVyAB1fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz99k452</latexit>
A3
<latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8Ikg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lU0GPVi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJv+7l55NetebW 3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8az uuXXv/qLWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfxiOdw==</latexit><latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8Ikg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lU0GPVi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJv+7l55NetebW 3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8az uuXXv/qLWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfxiOdw==</latexit><latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8Ikg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lU0GPVi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJv+7l55NetebW 3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8az uuXXv/qLWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfxiOdw==</latexit><latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8Ikg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lU0GPVi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJv+7l55NetebW 3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8az uuXXv/qLWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfxiOdw==</latexit>
vA1
<latexit sha1_base64="T+2d2Si+h8GnnBU9NfKZGij0Yt0=">A AAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgj1WvHisYD+kXZZsmrahSXZJsoWy7K/w4kERr/4cb/4b03YP2vpg4PHeDDPzwpgzbVz32 ylsbG5t7xR3S3v7B4dH5eOTto4SRWiLRDxS3RBrypmkLcMMp91YUSxCTjvh5G7ud6ZUaRbJRzOLqS/wSLIhI9hY6WkapLdB6mVZUK64V XcBtE68nFQgRzMof/UHEUkElYZwrHXPc2Pjp1gZRjjNSv1E0xiTCR7RnqUSC6r9dHFwhi6sMkDDSNmSBi3U3xMpFlrPRGg7BTZjverNx f+8XmKGdT9lMk4MlWS5aJhwZCI0/x4NmKLE8JklmChmb0VkjBUmxmZUsiF4qy+vk3at6l1Vaw/XlUY9j6MIZ3AOl+DBDTTgHprQAgICnu EV3hzlvDjvzseyteDkM6fwB87nD9PrkGQ=</latexit>
vA3
<latexit sha1_base64="1qsMXiG9OA5WIKAU/0uXPs9RYQk=">A AAB8HicbVBNTwIxEJ3FL8Qv1KOXRmLiieyCiRwxXjxiIqCBzaZbutDQdjdtl4Rs+BVePGiMV3+ON/+NBfag4EsmeXlvJjPzwoQzbVz32 ylsbG5t7xR3S3v7B4dH5eOTjo5TRWibxDxWjyHWlDNJ24YZTh8TRbEIOe2G49u5351QpVksH8w0ob7AQ8kiRrCx0tMkyG6CrD6bBeWKW 3UXQOvEy0kFcrSC8ld/EJNUUGkIx1r3PDcxfoaVYYTTWamfappgMsZD2rNUYkG1ny0OnqELqwxQFCtb0qCF+nsiw0LrqQhtp8BmpFe9u fif10tN1PAzJpPUUEmWi6KUIxOj+fdowBQlhk8twUQxeysiI6wwMTajkg3BW315nXRqVa9erd1fVZqNPI4inME5XIIH19CEO2hBGwgIeI ZXeHOU8+K8Ox/L1oKTz5zCHzifP9b3kGY=</latexit>
A1
<latexit sha1_base64="k+h964TObYPCgnqiXxTA9a0AHzc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lE0GPVi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJv+nn3rRfrbl1 dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ 9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98Do51</latexit><latexit sha1_base64="k+h964TObYPCgnqiXxTA9a0AHzc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lE0GPVi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJv+nn3rRfrbl1 dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ 9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98Do51</latexit><latexit sha1_base64="k+h964TObYPCgnqiXxTA9a0AHzc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lE0GPVi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJv+nn3rRfrbl1 dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ 9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98Do51</latexit><latexit sha1_base64="k+h964TObYPCgnqiXxTA9a0AHzc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lE0GPVi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJv+nn3rRfrbl1 dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ 9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98Do51</latexit>
A2
<latexit sha1_base64="xTOsVmjGs1utmD1T75OINNWKn4w=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kk kR9Fj14rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k3/Tz+rRfqbo1 dw6ySryCVKFAs1/56g0SlsVcIZPUmK7nphjkVKNgkk/LvczwlLIxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ipp1Wu eW/MeLquN2yKOEpzCGVyAB1fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz99k452</latexit><latexit sha1_base64="xTOsVmjGs1utmD1T75OINNWKn4w=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kk kR9Fj14rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k3/Tz+rRfqbo1 dw6ySryCVKFAs1/56g0SlsVcIZPUmK7nphjkVKNgkk/LvczwlLIxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ipp1Wu eW/MeLquN2yKOEpzCGVyAB1fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz99k452</latexit><latexit sha1_base64="xTOsVmjGs1utmD1T75OINNWKn4w=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kk kR9Fj14rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k3/Tz+rRfqbo1 dw6ySryCVKFAs1/56g0SlsVcIZPUmK7nphjkVKNgkk/LvczwlLIxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ipp1Wu eW/MeLquN2yKOEpzCGVyAB1fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz99k452</latexit><latexit sha1_base64="xTOsVmjGs1utmD1T75OINNWKn4w=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kk kR9Fj14rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k3/Tz+rRfqbo1 dw6ySryCVKFAs1/56g0SlsVcIZPUmK7nphjkVKNgkk/LvczwlLIxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ipp1Wu eW/MeLquN2yKOEpzCGVyAB1fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz99k452</latexit>
A3
<latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8Ikg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lU0GPVi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJv+7l55NetebW 3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8az uuXXv/qLWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfxiOdw==</latexit><latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8Ikg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lU0GPVi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJv+7l55NetebW 3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8az uuXXv/qLWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfxiOdw==</latexit><latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8Ikg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lU0GPVi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJv+7l55NetebW 3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8az uuXXv/qLWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfxiOdw==</latexit><latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8Ikg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lU0GPVi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJv+7l55NetebW 3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8az uuXXv/qLWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfxiOdw==</latexit>
Figure 15. A portion of the manifold from A1. In the example bp(A1) can support 3 threads. Left:
The flow vA1 . Right: The incoming flow from another region is limited by the required flux on O.
To understand the behavior of V consider one of the flows vAi . It is always possible to
send enough flow from Ai through bp(Ai) such that the flow saturates on bp(Ai). This is
9Because of the non-uniqueness of thread configurations there is a freedom to convert some of the bipartite
threads into threads on O which we would here refer to as multipartite contributions. Such thread configura-
tions are not in S ′. Taking this idea seriously there is some freedom due to space in the geometry to convert
between bipartite and multipartite contributions. This freedom could have an interesting information theoretic
interpretation in the boundary CFT, but we leave such exploration to future work. Importantly, by restricting
to S ′ we are maximizing the number of bipartite threads. It is in this sense that the remainder of the flux,
which must be on O, must be “truly multipartite”.
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clear from the multiflow construction of bp(A). For the flow to also saturate on Σ(Ai) there
must be additional flux from the portion of O between bp(Ai) and Σ(Ai) of the amount
area(Σ(Ai)) − area(bp(Ai)). However, because of the condition α = nµvµi |O = nµvµj |O this
means the same amount of flux must be present for every other flow. These threads must go
back to one of the boundary regions, for concreteness say Ai, and as a result cross bp(Ai).
Note that doing so limits the amount of flux that the other flows can send back to Ai (see fig
15). It is through this mechanism of balancing the amount of flux that leaves O conditioned
on maximizing the flux each region can send that the flows find the correct location of Σ and
value of Ew(A). For illustration, a numerical example is presented in fig. 16.
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Figure 16. An example of maximal flows V for a choice of boundary regions A,B,C on a flat square.
The region A is in red, B in blue, and C in green. The minimal surface Σ is given by the orange triangle.
The flows was calculated by latticizing the manifold and using Mathematica’s built in FindMaximum
function.
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3.4 U and w vector fields
Consider a change of variables by defining new vector fields
wµ =
1
n
∑
i
vµi , u
µ
i = v
µ
i − wµ. (3.23)
The program (3.11) becomes10
max
U ,w
∑
i
∫
Ai
√
hnµu
µ
i s.t. ∇µuµi = 0, ∇µwµ = 0, |ui + w| ≤ 1, nµuµi |O = 0,
∑
i
uµi = 0.
(3.24)
This redefinition comes with a trade off: at the cost of introducing a new vector field w which
does not contribute to the objective and modifying the norm bounds we have the benefit that
ui cannot end on O. It is important to note it is not possible to generically set w = 0. As we
will see this is a distinguishing feature from the bipartite case. As a result we do not have
the constraint |ui| ≤ 1, but rather |ui +w| ≤ 1, that is the constitutes of U are not flows. For
this reason we explicitly and pedantically refer to (U , w) as vector fields.
In order for Ew(A) to have a larger maximum than bp(A) it must be possible to transport
additional flux through the manifold: this is exactly the purpose of w. Because of the norm
bound |ui+w| ≤ 1, w has the property of modifying the flux that ui can transport. Whenever
ui and w are anti-aligned it is possible to send twice as much flux than would normally be
possible, but if they are aligned ui must locally be zero . As such the behavior of w is to
originate from O and travel out to A. This way each ui does not encounter the bottle neck
at bp(Ai). In doing so, however every other vector field uj 6=i can send less flux through to Ai.
This naturally limits the maximum flux of w out to A.
One way to interpret this is to imagine we have chosen a configuration for w. Then each
ui will experience a different effective geometry g
i
µν . When ui goes against w there is twice
as much space, but when ui tries to flow with w there is none. In the effective geometry each
ui can be renormalized to be a flow, but it is impossible to do this for the vector fields as a
whole.
An interesting feature of this framework is that all of the multipartite features have been
isolated to w, that is one vector field gives all the information needed to understand the
deviation from the area of the bipartite surfaces. This can be seen in the numerical example
fig. 17 which is fig. 16 shown in terms of the u and w vector fields.
10The condition
∑
i u
µ
i = 0 is not necessary. Consider a set of maximal vector fields such that
∑
i u
µ
i 6= 0.
Letting 1
n
∑
i ui = x we can create a new set of fields u
′
i = ui − x and w′ = w + x which are maximal, but
satisfy
∑
i u
′µ
i = 0.
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uA uB
uC w
Figure 17. The same configuration shown in fig. 16, in terms of the vector fields U and w
3.5 The bipartite case
Having used our intuition and general properties of MFMC to define the flow formulation for
Ew(A : B) we will now provide a direct proof using convex duality which follows as a special
case our multipartite derivation. Consider two regions A and B with RT surface O = m(AB)
such that ∂r(AB) = A ∪B ∪ O. The minimal homology region cross section is given by
min
bp(A:B)∼A relm(AB)
area(bp(A : B)). (3.25)
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bp(A : B)
Figure 18. The bipartite homology region cross section.
Since the surface bp(A : B) naturally splits ∂r(AB) into two regions A˜ and B˜ we can
equivalently calculate the minimal surface among all partitions of O
min
A˜B˜
area(bminAB ) = area(bp(A : B)) (3.26)
where bminAB is the minimal surface for a particular (not necessarily minimal) partition (see fig.
18).
Setting n = 2 in (3.11) we can write the flow program as
max
vµA v
µ
B
∫
A
√
hnµv
µ
A +
∫
B
√
hnµv
µ
B +
1
2
∫
O
√
hnµ
(
vµA + v
µ
B
)
s.t.
∇µvµA = 0, ∇µvµB = 0, |vA| ≤ 1, |vB| ≤ 1, nµvµA|O = nµvµB|O.
(3.27)
A BA B
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Figure 19. An example of a general flows vA and vB . Such flows are not in S ′.
The minimal homology region cross section is calculated by maximizing the flux of two
flows vµA and v
µ
B. These flows have the property that they are allowed to have flux on O, but
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the local flux on O of the two flows is constrained to be the same. Such boundary threads are
only counted with half the contribution of threads between A and B (see fig. 19). Note the
regions of A and B are large enough to source enough flow to saturate the minimal surface.
As such restricting to S ′ amounts to considering those flows for which the flux on O is zero.
In order to make this freedom explicit we can use Stoke’s theorem and the divergence-
lessness of the flows to find
1
2
∫
O
√
hnµ
(
vµA + v
µ
B
)
= −1
2
(∫
A
√
hnµ
(
vµA + v
µ
B
)
+
∫
B
√
hnµ
(
vµA + v
µ
B
))
. (3.28)
Substituting this in the objective becomes
=
1
2
(∫
A
√
hnµ
(
vµA − vµB
)
+
∫
B
√
hnµ
(
vµB − vµA
))
. (3.29)
To continue we make a change of variables by defining new vector fields
wµ =
1
2
(
vµA + v
µ
B
)
, uµA = v
µ
A − wµ, uµB = vµB − wµ (3.30)
where by definition
uµA + u
µ
B = 0. (3.31)
A B
w
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Figure 20. An example of vector fields u and w.
The program becomes (see fig. 20):
max
uA,uB ,w
∫
A
√
hnµu
µ
A +
∫
B
√
hnµu
µ
B s.t.
∇µuµA = 0, ∇µuµB = 0, ∇µwµ = 0, |uA + w| ≤ 1, |uB + w| ≤ 1, nµuµ|O = 0.
(3.32)
Because uµA = −uµB a result of (3.31) the symmetry of the problem dictates w can not pass
through the minimum surface and therefore is unable to help increase the maximum. Thus,
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we can freely set wµ = 0 when we maximize (doing so restricts us to S ′). Accounting for
normalization we have the final program
max
uA
∫
A
√
hnµu
µ
A s.t. ∇µuµA = 0, |uA| ≤ 1, nµuµA|O = 0 (3.33)
which matches (2.8).
3.6 Weak duality
To understand the role of the surface Σ(A) consider an arbitrary set of vector fields (U , w)
which are not necessarily maximal. By relative homology we know flux on the boundary for
each ui must be the same as that of Σ(Ai). Furthermore, because Σ(A) is a closed surface
we must have
∫
Σ(A)w = 0. Thus∑
i
∫
Ai
ui =
∑
i
∫
Σ(Ai)
ui =
∑
i
∫
Σ(Ai)
ui +
∫
Σ(A)
w =
∑
i
∫
Σ(Ai)
ui + w . (3.34)
Because of the norm bound |ui + w| ≤ 1 we have
∫
Σ(Ai)
ui + w ≤ area(Σ(Ai)). So we have
established weak duality: ∑
i
∫
Ai
ui ≤ area(Σ(A)) ∀ (U , w) . (3.35)
3.7 The flow from O is truly multipartite
We would now like to interpret the quantity∫
O
α =
∫
O
w =
∫
O
vi (3.36)
for maximal flow configurations of (3.11). By considering only solutions in S ′ we guarantee
every thread of w is purposefully utilized by U to achieve the maximum. That is there are no
extraneous threads of w. This is obvious as a reduction in
∫
O w further by deleting integral
curves of w would necessarily mean such a collection of vector fields was not maximal. If w
is zero we know U are flows and bp(A) is the bottleneck. In this case ui saturates on bp(Ai).
When w is nonzero, because the configuration (U , w) ∈ S ′, for each thread of w which crosses
bp(Ai), an additional thread of ui can be transported across. This means the maximum flux
across bp(A) is given by
area(bp(A)) +
∫
O
w =
∑
i
∫
bp(Ai)
ui. (3.37)
For maximal vector field configurations, |ui + w| saturates on Σ(Ai), so that
area(Σ(A)) =
∫
Σ(A)
w +
∑
i
∫
Σ(Ai)
ui =
∑
i
∫
Σ(Ai)
ui (3.38)
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where in the last step we have used
∫
Σ(A)w = 0. Now since bp(A) is homologous to Σ(A)
(relative to O), we have shown∫
O
w = area(Σ(A))− area(bp(A)). (3.39)
This means the flux on O through the manifold for a given geometry is a fixed quantity for all
maximal thread configurations limited to the solution space S ′. The magnitude of the flux on
O measures precisely the difference between the multipartite and bipartite holographic EOP
proposals. In other words this flux represents how much of the holographic multipartite EOP
is truly multipartite.
3.8 Thread orientation
So far we have described bit threads as oriented integral curves of a vector field (usually
a flow). We would now like to show that it is possible to instead maximize over all valid
thread configurations without reference to orientation. This can be done essentially because
it is always possible to impose a standard orientation which will maximize a given thread
configuration. Consider a maximal set of flows V ∈ S ′ which calculates Ew(A). Now focusing
on a single flow vi forget about the orientation. There are two classes of threads to consider:
those between Ai and another interval Aj and those between A and O.
For threads between Ai and Aj since the flux in (3.11) is being counted on Ai the
orientation should always be imposed so that the thread exits Ai and ends on Aj . Each such
thread contributes 1 to the objective.
Since the flux on O must be the same for all of V any thread on O must have the same
orientation for each of the flows. Suppose the threads on O are oriented outward and travel
to A. For vi the thread will avoid going back to Ai as this would contribute 1n − 1 to the
objective so instead the thread will go out to end on some Aj this way each thread contributes
1
n . The other possibility is that the threads connecting to O are oriented to end there. This
allows a thread of vi to begin on Ai and end on O and contribute 1 − 1n . The issue is that
such a thread must necessarily pass through bp(Ai) meaning one less thread can go between
Ai and Aj which can never be maximal.
What we have shown is that for any maximal set of flows V the correct orientation is to
have all threads flow out Ai and O for each vi. Therefore we can simply count the number
of threads leaving these regions. Letting NR be the number of threads on region R then the
holographic multipartite EOP proposal can be written as
Ew(A) = max
∑
Ai
NAi |vµi +NO (3.40)
where the maximization is over valid flow configurations. Note that even though the boundary
threads “appear” for each flow they are only counted once.
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3.9 Bounds
We now prove several bounds for the holographic multipartite EOP proposal using bit threads.
For convenience and to give readers a feel for each construction we will freely switch between
the V flows and the U and w vector fields.
Properties Let A be a pure state that is ∪iAi = ∂M . In this case O = ∅. Thus when
maximizing (3.11) each flow vi is geometrically limited by m(Ai) so that the flux calculates
S(Ai). Thus:
For pure states: Ew(A) =
∑
i
S(Ai). (3.41)
We will now show that Ew(A) can only be smaller after discarding part of one of the
subregions. This can be thought of intuituvely as reducing the amount of space the threads
can occupy. Let A′ = {X ∪A1, A2, ...} we then have the two programs
Ew(A′) = maxV,α
∑
i
∫
Ai
√
hnµv
µ
i +
∫
O′
√
hα s.t. nµv
µ
i |O′ = α on r(A′)
Ew(A) = maxV,α
∑
i
∫
Ai
√
hnµv
µ
i +
∫
O
√
hα s.t. nµv
µ
i |O = α on r(A).
(3.42)
Our goal will be to write the second of these as a program on r(A′) with additional constraints.
This can be done by viewing the program as being on r(A′) and imposing the additional
constraint that any threads must remain in or end on the boundary of r(A). This is always
possible since r(A) ⊂ r(A′). Therefore using Theorem 1
Ew(A) ≤ Ew(A′). (3.43)
Upper bound Consider the maximal flow vAi which saturates on Σ(Ai) with flux area(Σ(Ai)).
In order for this flux to count maximally to the objective, the flow will want to end on A\Ai
which is limited by the geometric obstruction
∑
j 6=i bp(Aj). The flux is further limited by the
boundary threads from the other flows in the amount
∑
j 6=i area(Σ(Aj))−
∑
j 6=i area(bp(Aj)).
From these considerations we have the bound
Ew(A) ≤ 2 min
i
∑
j 6=i
area(bp(Aj)). (3.44)
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Figure 21. In this case area(Σ(A1)) = area(Σ(A2)) + area(Σ(A3)) and the flux on O will be zero.
Note such a surface is in the same relative homology class as the surfaces we have been
considering and is thus an allowed candidate when minimizing (see fig. 21). This inequality
saturates when one boundary region has enough capacity to send flow and saturate the
bipartite surfaces of the other regions by itself. In such cases there is no flux on O (put
another way w = 0).
For a pure state this bound reduces to
Ew(A) ≤ min
i
(S(Ai) + . . .+ S(A1 . . . Ai−1, Ai+1 . . . An) + . . .+ S(An)) (3.45)
which matches the bound given by [20]. Note that part of S(A1 . . . Ai−1, Ai+1 . . . An) is part
of O in the non pure case. In our construction this surface can never be counted indicating
this bound is only saturated in the case of purity.
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Figure 22. Minimal surfaces are shown as dashed lines and flows as solid lines. The maximum
multiflow the manifold can support is represented here, but not all flow lines are shown as each dashed
line is saturated. To create a valid flow configuration in the feasible set of (3.11) we delete each thread
shown in red.
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Lower bounds As in the bipartite case, we will derive a lower bound on the holographic
multipartite EOP proposal via an explicit construction. As previously described the maximum
total flux a multiflow can support is the sum of the entropies of the regions whose union is
∂M . To get a valid flow configuration of Ew(A) we can choose to look at multiflows which
remain in r(A). The simplest way (though not optimal) to create such a flow is to delete
each thread which passes through m(A). The number of times such threads leave r(A) is
exactly S(A1 . . . An) which on the boundary are each counted twice (see fig. 22). That is, we
have shown the holographic multipartite EOP proposal is bounded below by the multipartite
information 11
Ew(A) ≥ I(A) :=
∑
i
S(Ai)− S(A1 . . . An). (3.46)
To get another lower bound consider the set of flow configurations of (3.24). If we
restrict ourselves to only flow configurations with w = 0 then the geometric barrier bp(A)
is unavoidable. Thus, if one explicitly imposes the condition w = 0 to (3.24) the resulting
program will calculate bp(A). So by Theorem 1 we have the bound
Ew(A) ≥ area(bp(A)) (3.47)
which was first shown in [20].
4 Future directions
Flux from boundary and bulk intersections In this article we have utilized convex du-
ality to derive flow descriptions of the holographic bipartite and multipartite EOP proposals.
In the latter case we find the addition of a coupled boundary flow which after restricting to
S ′ is truly multipartite. Upon examination of the dualization process this is not a unique
feature, but rather should be present in the flow dual to any surface with nontrivial boundary
intersection. Similarly, as can be seen in C, bulk intersection points will generically lead to a
bulk flux as indicated by the vector fields having a coupled non-zero divergence. It would be
interesting to explore the generality of these features in more detail.
Dynamics The maximin construction of [30] allows for covariant HRT surfaces [31] to be
calculated by minimizing a surface on a fixed time slice and then maximizing over all time
slices. Since our construction of holographic EOP proposal holds for a fixed time slice it
follows one could define analogously the covariant EOP by calculating a maximal flow and
then maximizing over all possible time slices. This seems to indicate that many of the features
of the holographic EOP proposal should easily generalize to the covariant case. It would be
worthwhile to work out these features in detail and describe them in the context of the full
covariant construction of bit threads [32].
11The explicit construction of this flow provides evidence that an information theoretic quantity the squashed
entanglement will always be saturated holographically. See D for more details.
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Bit threads and entanglement distillation For the standard entanglement entropy a
bit thread is normally described as representing a distilled EPR pair between the boundary
regions it connects. This holds too for the multiflow where the collection of flows can be
simultaneously placed on the manifold. The question then arises how one should interpret
the flows of (3.11) for the holographic multipartite EOP proposal which should presumably
be related to a distillation of the multipartite entanglement. While the bipartite contributions
may retain their interpretation as EPR pairs it is less clear how to represent the threads of
V which connect to O (or equivalently the ancillary vector field w). This is because even
though each vi will have the same number of such threads the region on which they end
can and must change amongst the various elements of V. The need for multiple threads to
describe a multipartite state is not dissimilar to the original description of the GHZ state given
in [23]. Possibly one could interpret each vi as a distinct purification such that a collection of
purifications is needed to describe Ep(A). It would be very interesting to see if direct CFT
calculations of Ep(A) would give rise to similar features.
Holographically multipartite entanglement is inefficient We have established the
bounds
area(bp(A)) ≤ Ew(A) ≤ 2 min
i
∑
j 6=i
area(bp(Aj)) (4.1)
for the holographic multipartite EOP. Note that the flow configurations in both extremes have
α = 0. That is, in the language of our framework, these configurations have no multipartite
entanglement. This is not so surprising as the threads on O are rather inefficient. This
is because one thread of each “color” is required to make a “unit” contribution. This is
in contrast to the bipartite threads connecting Ai and Aj which only require one. The
multipartite threads simply take up more space in the geometry. It would be interesting to
understand why it is “hard” to get multipartite entanglement. Potentially an understanding
of the relation between the choice of boundary configurations and the maximum multipartite
contribution could shed light on this feature.
Towards proving the conjecture It has been firmly established that the homology region
cross section and its multipartite generalization are interesting bulk surfaces with possible
information theoretic content. What remains to be done is to firmly establish the role these
surfaces play in our understanding of AdS/CFT. Throughout this paper we have worked
under the assumption Ep(A) = Ew(A) following evidence such as the original proposals
[1, 2, 20, 21] and work towards a proof [7–9]. Still there is reason to proceed with some
healthy skepticism. Alternate proposals exist on both sides: [3] calculates the bipartite
homology region cross section using a canonical purification whose geometry is that of a
wormhole. In this formalism explicit CFT calculations were able to be done using the replica
trick. Other duals such as the logarithmic negativity [4] and the odd entanglement entropy
[5] have appeared as well. Similarly the “bipartite dominance” conjecture of [28] predicts that
holographically Ep(A : B) =
1
2I(A : B) always.
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Almost all of the work done up to this point has focused on the bipartite case where things
are much simpler. However from the bit thread perspective it is only when one is working
the multipartite case that interesting features appear specifically the coupling of flows due
to the boundary intersection of the minimal surface. It is our hope that this work and the
characterization Σ in terms of bit threads may be elucidating to others and provide inertia
towards a complete holographic characterization that answers these many questions.
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A Multiflows
In this appendix we define the multiflow and then for convenience state its most important
properties including a flow proof of monogamy of mutual information. The entirety of this
construction is due to the authors of [28] where additional details can be found.
Definition 1 (Multiflow). On a Riemannian manifold M with boundary ∂M , split ∂M into
n non overlapping regions A = {Ai} . A multiflow is a collection of vector fields Vm = {vµij}
which satisfy the following properties:
• nµvµij = 0 on Ak, k 6= i, j
• vij = −vij
• ∇µvµij = 0
• ∑
i<j
|vij | ≤ 1.
We will use V to indicate a set of flows, but we will reserve the notation Vm to indicate
a multiflow which satisfies all the conditions of 1.
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Definition 2 (Subflow). Given a multiflow Vm consider the union of any number of boundary
regions in A call it B. The subflow of B is the sum of all flows leaving B
vB =
∑
i s.t Ai∈B, j
vij (A.1)
Theorem 2 (Existence of a maximal multiflow). There exists a multiflow Vm such that all
single interval subflows and any one additional subflow, call the associated boundary region
B, are maximal. That is
S(Ai) =
∫
Ai
vAi S(B) =
∫
B
vB (A.2)
for some Vm. In general all other subflows will not be maximal.
Theorem 3 (Monogamy of mutual information (MMI)). Consider the case of 4 boundary
regions A,B,C,D
− I3(A : B : C) = S(AB) + S(AC) + S(BC)− S(A)− S(B)− S(C)− S(ABC) ≥ 0 (A.3)
Proof. The proof follows almost immediately by writing out the subflows and using existence
of a maximal multiflow. Consider the two interval subflows vAB, vAC , vBC . In general these
can not all be made maximal thus
S(AB) + S(BC) + S(AC) ≥
∫
AB
vAB +
∫
AC
vAC +
∫
BC
vBC . (A.4)
Expanding out the subflows and using maximality of the single interval subflows one has
=
∫
A
vA +
∫
B
vB +
∫
C
vC −
∫
ABC
vD = S(A) + S(B) + S(C) + S(ABC) (A.5)
Subtracting the two sides gives MMI. 
B The integer relaxation
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6
<latexit sha1_base64="YRdSYfMGKY2FZDYXMCIB QZEFRog=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz /Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNA oEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTMoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM 5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpo KYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7 w5j86L8+58LFsLTj5zCn/gfP4Afy+MsA==</latexit><latexit sha1_base64="YRdSYfMGKY2FZDYXMCIB QZEFRog=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz /Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNA oEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTMoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM 5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpo KYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7 w5j86L8+58LFsLTj5zCn/gfP4Afy+MsA==</latexit><latexit sha1_base64="YRdSYfMGKY2FZDYXMCIB QZEFRog=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz /Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNA oEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTMoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM 5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpo KYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7 w5j86L8+58LFsLTj5zCn/gfP4Afy+MsA==</latexit><latexit sha1_base64="YRdSYfMGKY2FZDYXMCIB QZEFRog=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz /Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNA oEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTMoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM 5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpo KYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7 w5j86L8+58LFsLTj5zCn/gfP4Afy+MsA==</latexit>
Figure 23. An allowed surface configuration after the integer relaxation.
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A1
<latexit sha1_base64="k+ h964TObYPCgnqiXxTA9a0AHzc=">AAAB7HicbVBNS8NAEJ3 Ur1q/qh69LBbBU0lE0GPVi8cKpi20oWy2m3bpZhN2J0IJ/Q 1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmV nm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoe St8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJv+nn3rRfrbl1dw 6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwl LIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2M KY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQ yLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUz gHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98D o51</latexit><latexit sha1_base64="k+ h964TObYPCgnqiXxTA9a0AHzc=">AAAB7HicbVBNS8NAEJ3 Ur1q/qh69LBbBU0lE0GPVi8cKpi20oWy2m3bpZhN2J0IJ/Q 1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmV nm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoe St8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJv+nn3rRfrbl1dw 6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwl LIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2M KY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQ yLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUz gHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98D o51</latexit><latexit sha1_base64="k+ h964TObYPCgnqiXxTA9a0AHzc=">AAAB7HicbVBNS8NAEJ3 Ur1q/qh69LBbBU0lE0GPVi8cKpi20oWy2m3bpZhN2J0IJ/Q 1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmV nm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoe St8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJv+nn3rRfrbl1dw 6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwl LIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2M KY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQ yLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUz gHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98D o51</latexit><latexit sha1_base64="k+ h964TObYPCgnqiXxTA9a0AHzc=">AAAB7HicbVBNS8NAEJ3 Ur1q/qh69LBbBU0lE0GPVi8cKpi20oWy2m3bpZhN2J0IJ/Q 1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmV nm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoe St8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJv+nn3rRfrbl1dw 6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwl LIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2M KY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQ yLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUz gHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98D o51</latexit>
A2
<latexit sha1_base64="xTOsVmjGs1utmD1T75OINNWKn 4w=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj14rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj /dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENO hEpFgFK3k3/Tz+rRfqbo1dw6ySryCVKFAs1/56g0SlsVcIZPUmK7nphjkVKNgkk/LvczwlLIxHfKupYrG3AT5/NgpObfKg ESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88i pp1WueW/MeLquN2yKOEpzCGVyAB1fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz99k452</latexit><latexit sha1_base64="xTOsVmjGs1utmD1T75OINNWKn 4w=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj14rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj /dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENO hEpFgFK3k3/Tz+rRfqbo1dw6ySryCVKFAs1/56g0SlsVcIZPUmK7nphjkVKNgkk/LvczwlLIxHfKupYrG3AT5/NgpObfKg ESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88i pp1WueW/MeLquN2yKOEpzCGVyAB1fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz99k452</latexit><latexit sha1_base64="xTOsVmjGs1utmD1T75OINNWKn 4w=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj14rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj /dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENO hEpFgFK3k3/Tz+rRfqbo1dw6ySryCVKFAs1/56g0SlsVcIZPUmK7nphjkVKNgkk/LvczwlLIxHfKupYrG3AT5/NgpObfKg ESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88i pp1WueW/MeLquN2yKOEpzCGVyAB1fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz99k452</latexit><latexit sha1_base64="xTOsVmjGs1utmD1T75OINNWKn 4w=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj14rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj /dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENO hEpFgFK3k3/Tz+rRfqbo1dw6ySryCVKFAs1/56g0SlsVcIZPUmK7nphjkVKNgkk/LvczwlLIxHfKupYrG3AT5/NgpObfKg ESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88i pp1WueW/MeLquN2yKOEpzCGVyAB1fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz99k452</latexit>
A3
<latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8I kg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPVi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GH u/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKY DJSLBKFrJv+7l55NetebW3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqf RIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8 vk8azuuXXv/qLWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfxiOdw==</latexit><latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8I kg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPVi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GH u/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKY DJSLBKFrJv+7l55NetebW3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqf RIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8 vk8azuuXXv/qLWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfxiOdw==</latexit><latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8I kg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPVi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GH u/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKY DJSLBKFrJv+7l55NetebW3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqf RIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8 vk8azuuXXv/qLWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfxiOdw==</latexit><latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8I kg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPVi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GH u/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKY DJSLBKFrJv+7l55NetebW3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqf RIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8 vk8azuuXXv/qLWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfxiOdw==</latexit>
1
<latexit sha1_b ase64="PMMVAj56CwSF/6ga4otp5 Igdjpw=">AAAB6HicbVBNS8NAEJ34 WetX1aOXxSJ4KkkV7LHgxWML9gPaU DbbSbt2swm7G6GE/gIvHhTx6k/y5 r9x2+agrQ8GHu/NMDMvSATXxnW/nY 3Nre2d3cJecf/g8Oi4dHLa1nGqGLZ YLGLVDahGwSW2DDcCu4lCGgUCO8H kbu53nlBpHssHM03Qj+hI8pAzaqzU 9AalsltxFyDrxMtJGXI0BqWv/jBma YTSMEG17nluYvyMKsOZwFmxn2pMK JvQEfYslTRC7WeLQ2fk0ipDEsbKlj Rkof6eyGik9TQKbGdEzVivenPxP6+ XmrDmZ1wmqUHJlovCVBATk/nXZMg VMiOmllCmuL2VsDFVlBmbTdGG4K2+ vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag 1uowz00oAUMEJ7hFd6cR+fFeXc+l q0bTj5zBn/gfP4AeOmMrw==</late xit>
0
<latexit sha1_base64="8SPvT V/z8oIhjlRiKd59oqPvbVY=">AAAB6HicbVBNS8NAEJ34WetX1aO XxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x 2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGq GLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8 pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMK sOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9T QKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllC muL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1u owz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ad2WMrg==</la texit>
1
2
<latexit sha1_base64="nT00KOb PN9D68vIddAmHmSAIcbg=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4Kk kV7LHgxWMF+wFNKJvtpl262YTdiVBC/4YXD4p49c9489+4bXPQ1gcDj/dm mJkXplIYdN1vZ2Nza3tnt7RX3j84PDqunJx2TJJpxtsskYnuhdRwKRRvo 0DJe6nmNA4l74aTu7nffeLaiEQ94jTlQUxHSkSCUbSS72OkKcu9WV6fDS pVt+YuQNaJV5AqFGgNKl/+MGFZzBUySY3pe26KQU41Cib5rOxnhqeUTeiI 9y1VNOYmyBc3z8ilVYYkSrQthWSh/p7IaWzMNA5tZ0xxbFa9ufif188wa gS5UGmGXLHloiiTBBMyD4AMheYM5dQSyrSwtxI2pjYFtDGVbQje6svrpF Ovede1+sNNtdko4ijBOVzAFXhwC024hxa0gUEKz/AKb07mvDjvzseydcMp Zs7gD5zPHxFHkas=</latexit>
 A1
<latexit sha1_base64="jyPziUv +MgLyJHWTTj+0KlKGp7o=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0 mqYI8VLx4r2A9oQthsN+3SzWbZ3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhv hpl5keRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8KaciZox zDDaV8qipOI0140uZv7vSeqNEvFo5lKGiR4JFjMCDZW8n2pWZjfhrk3m4 XVmlt3F0DrxCtIDQq0w+qXP0xJllBhCMdaDzxXmiDHyjDC6aziZ5pKTCZ4 RAeWCpxQHeSLm2fowipDFKfKljBoof6eyHGi9TSJbGeCzVivenPxP2+Qm bgZ5EzIzFBBlovijCOTonkAaMgUJYZPLcFEMXsrImOsMDE2pooNwVt9eZ 10G3Xvqt54uK61mkUcZTiDc7gED26gBffQhg4QkPAMr/DmZM6L8+58LFtL TjFzCn/gfP4AHrmRtA==</latexit>
A1
<latexit sha1_base64="k+h964TObYPCgnqiXxTA9a0A Hzc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx 8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIec ZLyIKZDJSLBKFrJv+nn3rRfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/ NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxt PhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98Do51</latexi t><latexit sha1_base64="k+h964TObYPCgnqiXxTA9a0A Hzc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx 8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIec ZLyIKZDJSLBKFrJv+nn3rRfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/ NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxt PhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98Do51</latexi t><latexit sha1_base64="k+h964TObYPCgnqiXxTA9a0A Hzc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx 8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIec ZLyIKZDJSLBKFrJv+nn3rRfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/ NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxt PhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98Do51</latexi t><latexit sha1_base64="k+h964TObYPCgnqiXxTA9a0A Hzc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx 8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIec ZLyIKZDJSLBKFrJv+nn3rRfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/ NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxt PhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98Do51</latexi t>
A2
<latexit sha1_base64="xTOsVmjGs1utmD1T75OINNWKn4w=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj1 4rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k3/Tz+rRfqbo1dw6ySryCVKFAs1/56g0 SlsVcIZPUmK7nphjkVKNgkk/LvczwlLIxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ipp1WueW/MeLquN2yKOEpzCGVyAB1fQgHtogg 8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz99k452</latexit><latexit sha1_base64="xTOsVmjGs1utmD1T75OINNWKn4w=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj1 4rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k3/Tz+rRfqbo1dw6ySryCVKFAs1/56g0 SlsVcIZPUmK7nphjkVKNgkk/LvczwlLIxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ipp1WueW/MeLquN2yKOEpzCGVyAB1fQgHtogg 8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz99k452</latexit><latexit sha1_base64="xTOsVmjGs1utmD1T75OINNWKn4w=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj1 4rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k3/Tz+rRfqbo1dw6ySryCVKFAs1/56g0 SlsVcIZPUmK7nphjkVKNgkk/LvczwlLIxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ipp1WueW/MeLquN2yKOEpzCGVyAB1fQgHtogg 8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz99k452</latexit><latexit sha1_base64="xTOsVmjGs1utmD1T75OINNWKn4w=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj1 4rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k3/Tz+rRfqbo1dw6ySryCVKFAs1/56g0 SlsVcIZPUmK7nphjkVKNgkk/LvczwlLIxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ipp1WueW/MeLquN2yKOEpzCGVyAB1fQgHtogg 8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz99k452</latexit>
A3
<latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8Ikg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPV i8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJv+7l55NetebW3RnIMvEKUoMCzV71q9t PWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8azuuXXv/qLWuCniKMMRHMMpeHAJDbiDJv jAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfxiOdw==</latexit><latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8Ikg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPV i8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJv+7l55NetebW3RnIMvEKUoMCzV71q9t PWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8azuuXXv/qLWuCniKMMRHMMpeHAJDbiDJv jAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfxiOdw==</latexit><latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8Ikg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPV i8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJv+7l55NetebW3RnIMvEKUoMCzV71q9t PWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8azuuXXv/qLWuCniKMMRHMMpeHAJDbiDJv jAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfxiOdw==</latexit><latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8Ikg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPV i8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJv+7l55NetebW3RnIMvEKUoMCzV71q9t PWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8azuuXXv/qLWuCniKMMRHMMpeHAJDbiDJv jAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfxiOdw==</latexit>
 A2
<latexit sha1_base64="UIrdL465sbaQ9WILyxFUsW9jBn0=">AAAB 83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8VLx4r2A9oQthsN+3SzWbZ3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5keRMG9f9dkobm1vbO+Xd yt7+weFR9fikq9NMEdohKU9VP8KaciZoxzDDaV8qipOI0140uZv7vSeqNEvFo5lKGiR4JFjMCDZW8n2pWZjfhnljNgurNbfuLoDWiVeQGhRoh9Uv f5iSLKHCEI61HniuNEGOlWGE01nFzzSVmEzwiA4sFTihOsgXN8/QhVWGKE6VLWHQQv09keNE62kS2c4Em7Fe9ebif94gM3EzyJmQmaGCLBfFGUcm RfMA0JApSgyfWoKJYvZWRMZYYWJsTBUbgrf68jrpNureVb3xcF1rNYs4ynAG53AJHtxAC+6hDR0gIOEZXuHNyZwX5935WLaWnGLmFP7A+fwBID+R tQ==</latexit>
1
<latexit sha1_base64="PMMVAj56CwSF/6ga4otp5Igdjpw=">AAAB 6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJe cf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG1 7nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOm llCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeOmMrw==</latexi t>
0
<latexit sha1_base64="8SPvTV/z8oIhjlRiKd59oqPvbVY="> AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxn W/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrx MtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+X mrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd 6cR+fFeXc+lq0bTj5zBn/gfP4Ad2WMrg==</latexit>
1
2
<latexit sha1_base64="nT00KObPN9D68vIddAmHmSAIcbg=">AAAB 83icbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWMF+wFNKJvtpl262YTdiVBC/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXplIYdN1vZ2Nza3tnt7RX 3j84PDqunJx2TJJpxtsskYnuhdRwKRRvo0DJe6nmNA4l74aTu7nffeLaiEQ94jTlQUxHSkSCUbSS72OkKcu9WV6fDSpVt+YuQNaJV5AqFGgNKl/+ MGFZzBUySY3pe26KQU41Cib5rOxnhqeUTeiI9y1VNOYmyBc3z8ilVYYkSrQthWSh/p7IaWzMNA5tZ0xxbFa9ufif188wagS5UGmGXLHloiiTBBMy D4AMheYM5dQSyrSwtxI2pjYFtDGVbQje6svrpFOvede1+sNNtdko4ijBOVzAFXhwC024hxa0gUEKz/AKb07mvDjvzseydcMpZs7gD5zPHxFHkas= </latexit>
A1
<latexit sha1_base64="k+h964TObYPCgnqiXxTA9a0AHzc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPV i8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJv+nn3rRfrbl1dw6ySryC1KBAs1/96g0S lsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8 YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98Do51</latexit><latexit sha1_base64="k+h964TObYPCgnqiXxTA9a0AHzc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPV i8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJv+nn3rRfrbl1dw6ySryC1KBAs1/96g0S lsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8 YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98Do51</latexit><latexit sha1_base64="k+h964TObYPCgnqiXxTA9a0AHzc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPV i8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJv+nn3rRfrbl1dw6ySryC1KBAs1/96g0S lsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8 YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98Do51</latexit><latexit sha1_base64="k+h964TObYPCgnqiXxTA9a0AHzc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPV i8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJv+nn3rRfrbl1dw6ySryC1KBAs1/96g0S lsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUzgHD66gAffQBB8 YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98Do51</latexit>
A2
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Figure 24. The corresponding configuration of ψi’s.
In our derivation of the the flow program for the holographic multipartite EOP we were
required to make the the following relaxation of the primal program
On O: ψi ∈ {0, 1} ⇒ ψi ∈ R. (B.1)
Notably this allows solutions where each ψi changes in more than one location and certain
portions of O are shared by multiple ψi’s (for example consider the configuration of surfaces
and the corresponding ψi’s given by figs. 23 and 24).
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Figure 25. An integer surface configuration.
It is possible to construct a geometry (though granted a highly contrived one) which
“forces” the lengths of these surfaces to be small making it the correct minimum to the
program (3.6) which would be different from the optimal configuration of (3.2) (which is
shown in fig. 25) . This demonstrates that our relaxed program is no longer generically the
same as the original proposal.
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We would now like to prove that for a 2 + 1d bulk with everywhere negative curvature
and three boundary regions the relaxed program (3.6) will always be the same as the original
proposal (3.2). That is we can not do any better by allowing the ψi’s to share O and the
optimal solution will in fact be integer.
For this setup the surface O are geodesics of the manifold. Because the space is negatively
curved we are guaranteed that the distance between points on different geodesics is a convex
function of the position on each geodesic, parametrized by distance along the geodesic. We
consider the family of all possible solutions with two points on O where the points are labeled
by their location on (or affine distance along) O. The objective is the weighted area of the
six surfaces connecting these points
area(Σ2) =
1
2
(d16 + d63 + d32 + d25 + d54 + d41) (B.2)
which is a convex function in all six variables of the locations on O. We then consider the
analogous problem with only one point on each part of O and furthermore pick the points
1′, 2′, 3′ such that we are at a the global minimum
area(Σ) = d1′3′ + d3′5′ + d5′1′ . (B.3)
Thus taking 1 = 2 = 1′, 3 = 4 = 3′, 5 = 6 = 5′ we find this configuration is also a minimum
of area(Σ2). Since we are at a minimum the gradient is zero thus deforming the surfaces by
moving any one of the end points can only increase the value of the objective. Convexity
demands that this is the global minimum of area(Σ2).
This argument has obvious generalizations to more complex configurations of ψi’s and
larger number of boundary regions and shows for these cases (3.6) is exactly dual to (3.2).
It would be interesting to try to generalize this reasoning to higher dimensions, but we leave
this to future work.12
12It may possible to prove a form of such a result by utilizing the quotient geometry induced by the relative
homology.
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C Multipartite surfaces with bulk intersection
A1
<latexit sha1_base64="k+h964TObYPCg nqiXxTA9a0AHzc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cKpi20oWy 2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7 t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLB KFrJv+nn3rRfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxH fKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXb LEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUz gHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98Do51</latexit><latexit sha1_base64="k+h964TObYPCg nqiXxTA9a0AHzc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cKpi20oWy 2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7 t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLB KFrJv+nn3rRfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxH fKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXb LEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUz gHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98Do51</latexit><latexit sha1_base64="k+h964TObYPCg nqiXxTA9a0AHzc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cKpi20oWy 2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7 t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLB KFrJv+nn3rRfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxH fKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXb LEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUz gHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98Do51</latexit><latexit sha1_base64="k+h964TObYPCg nqiXxTA9a0AHzc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cKpi20oWy 2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7 t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLB KFrJv+nn3rRfrbl1dw6ySryC1KBAs1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxH fKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXb LEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88ippXdQ9t+49XNYat0UcZTiBUz gHD66gAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz98Do51</latexit>
A2
<latexit sha1_base64="xTOsVmjGs1utmD1T75OINNWKn4w=">AAAB7HicbVBNS8NAE J34WetX1aOXxSJ4KkkR9Fj14rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTq o5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k3/Tz+rRfqbo1dw6ySryCVKFAs1/56g0SlsVcIZPUmK7nphjkVKNgkk/LvczwlLIxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzm NjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ipp1WueW/MeLquN2yKOEpzCGVyAB1fQgHtogg8MBDzDK7w5ynlx3p2PReua U8ycwB84nz99k452</latexit><latexit sha1_base64="xTOsVmjGs1utmD1T75OINNWKn4w=">AAAB7HicbVBNS8NAE J34WetX1aOXxSJ4KkkR9Fj14rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTq o5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k3/Tz+rRfqbo1dw6ySryCVKFAs1/56g0SlsVcIZPUmK7nphjkVKNgkk/LvczwlLIxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzm NjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ipp1WueW/MeLquN2yKOEpzCGVyAB1fQgHtogg8MBDzDK7w5ynlx3p2PReua U8ycwB84nz99k452</latexit><latexit sha1_base64="xTOsVmjGs1utmD1T75OINNWKn4w=">AAAB7HicbVBNS8NAE J34WetX1aOXxSJ4KkkR9Fj14rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTq o5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k3/Tz+rRfqbo1dw6ySryCVKFAs1/56g0SlsVcIZPUmK7nphjkVKNgkk/LvczwlLIxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzm NjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ipp1WueW/MeLquN2yKOEpzCGVyAB1fQgHtogg8MBDzDK7w5ynlx3p2PReua U8ycwB84nz99k452</latexit><latexit sha1_base64="xTOsVmjGs1utmD1T75OINNWKn4w=">AAAB7HicbVBNS8NAE J34WetX1aOXxSJ4KkkR9Fj14rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTq o5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k3/Tz+rRfqbo1dw6ySryCVKFAs1/56g0SlsVcIZPUmK7nphjkVKNgkk/LvczwlLIxHfKupYrG3AT5/NgpObfKgESJtqWQzNXfEzm NjZnEoe2MKY7MsjcT//O6GUbXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPmUbgrf88ipp1WueW/MeLquN2yKOEpzCGVyAB1fQgHtogg8MBDzDK7w5ynlx3p2PReua U8ycwB84nz99k452</latexit>
A3
<latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8Ikg=">AAAB7HicbVBNS8NAE J3Ur1q/qh69LBbBU0lU0GPVi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7V RzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJv+7l55NetebW3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q 0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8azuuXXv/qLWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeW nGLmEP7A+fwBfxiOdw==</latexit><latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8Ikg=">AAAB7HicbVBNS8NAE J3Ur1q/qh69LBbBU0lU0GPVi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7V RzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJv+7l55NetebW3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q 0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8azuuXXv/qLWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeW nGLmEP7A+fwBfxiOdw==</latexit><latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8Ikg=">AAAB7HicbVBNS8NAE J3Ur1q/qh69LBbBU0lU0GPVi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7V RzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJv+7l55NetebW3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q 0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8azuuXXv/qLWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeW nGLmEP7A+fwBfxiOdw==</latexit><latexit sha1_base64="9uRJbXgCXw8K4ZZkp4lditZ8Ikg=">AAAB7HicbVBNS8NAE J3Ur1q/qh69LBbBU0lU0GPVi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7V RzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJv+7l55NetebW3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q 0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8azuuXXv/qLWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeW nGLmEP7A+fwBfxiOdw==</latexit>
Figure 26. An example of a class of surfaces in the bulk which allow for bulk intersection points.
Another surface similar to the one which gives the holographic multipartite EOP proposal
has appeared in the literature [21]
Em(A) = min area(Surfaces which split r(A) into n regions homologous to each Ai). (C.1)
The key distinction being the allowance of a bulk intersection point (see fig. 26).
Following convex dualization we find some interesting parallels in the flow descriptions
between Ew(A) and Em(A). For simplicity we will dualizing assuming the boundary is pure
and then generalize to the case of nonpurity. We dualize by first performing a convex and
integer relaxation. We will ignore analogous complications due to the possible inequivalence
of the programs due to the integer relaxation. Note that because the minimal surface meets
in the bulk we get a constraint on the scalar fields which also must be imposed in the bulk.
min
∑
i
∫
M
√
g|∇µψi| s.t. ψi|Aj = δij ,
∑
i
ψi|M = 1 (C.2)
We get the Lagrangian
L({ψ}, {φ}, {vµ}, {γ}, {β}) =
∫
M
√
g
[∑
i
(|φi|+ vµi(φµi −∇µψi)) + βψi)− β]
+
∑
i
∫
Ai
√
h
γii(ψi − 1) +∑
i 6=j
γijψj
 . (C.3)
Dualizing with respect to {φ} we get norm constraints:
φµiv
µi + |φµi| = 0, |vµi| ≤ 1 (C.4)
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which can be substituted in. After performing integration by parts we have∫
M
√
g
[∑
i
(
ψi∇µvµi + β
)− β]+∑
i
∫
Ai
√
h
γii(ψi − 1) +∑
i 6=j
γijψj +
∑
j
nµv
µjψj
 .
(C.5)
Next we dualize with respect to {ψ}.
On M : ∇µvµi = −β
On Ai: γii + nµv
µ
i = 0, γij + nµv
µ
j = 0
(C.6)
Note that we do not get the normal divergencelessness constraints, flux will be created and
destroyed in the bulk. The resulting dual is
max
V
∑
i
(∫
Ai
√
hnµv
µ
i +
1
n
∫
M
√
h∇µvµi
)
. (C.7)
We can once again redefine our vector fields
wµ =
1
n
∑
i
vµi u
µ
i = v
µ
i − wµ (C.8)
with the program becoming
max
U ,w
∑
i
∫
Ai
√
hnµu
µ
i s.t. ∇µuµi = 0, ∇µwµ = −β, |ui + w| ≤ 1,
∑
i
uµi = 0. (C.9)
Comparing to the holographic multipartite EOP proposal essentially what has happened is
the entire bulk M has become an unlimited source of w by virtue of the fact that w is not
divergenceless and its divergence is an unconstrained function in the bulk when maximizing. It
is as if the entire bulk is geometrically connected to the boundary and acts as the purifier. This
gives the flows a tremendous amount of freedom when attempting to maximize pushing the
minimal surface deep into the bulk. The dualization argument presented can be generalized
by also considering a non-pure boundary with region O as in the case of the multipartite
EOP. In doing so all we must change is w in addition to having flux in the bulk can begin
and end on O. From this we see starting with this program we can impose ∇µwµ = 0 as an
explicit constraint and make use of Theorem 1 to find
Em(A) ≥ Ew(A). (C.10)
The mechanism for the flows associated with these two surface is almost identical the
only difference being whether w is sourced on the boundary, the bulk or both. In general
nonzero divergence in the bulk has been associated with quantum corrections to entanglement
entropy. While it is not know what information theoretic quantity, if any, this surface is dual
to in the boundary CFT, it seems suggestive that quantum corrections may play a role. At
the very least these surfaces are intimately connected by the common mechanism for how the
corresponding flows are generated. As previously mentioned we expect this to be a general
feature of any flow program dual to a bulk surface with intersections.
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D Squashed entanglement
Another notable entanglement measure is the squashed entanglement [33, 34] and its multi-
partite generalization:
Esq(A) = min I(A|E). (D.1)
Here the minimization is taken over all extensions ρA = Tr[ρAE ]. Most notably the multipar-
tite squashed entanglement has the property
Esq(A) ≤ I(A) ≤ Ep(A). (D.2)
There are two important points to consider: One, calculating a conditioned entropy
measure is implemented using bit threads as a change in the region that a maximal thread
configuration can occupy. This can be thought of as imposing additional boundary constraints
on the convex program which force the threads to remain in the region. Two, using the sur-
face/state correspondence [6] we can guarantee any choice of extension can be holographically
represented as a surface outside the homology region of A. Thus, the most restrictive space
we could utilize is r(A) itself. This can also be motivated using MMI which implies utilizing
an extension can never be advantageous [20].
With these considerations in mind we can make the following observation: during our
discussion of the multipartite EOP we were able to explicitly construct a multiflow which
calculated I(A) and was contained entirely in the homology region r(A) (see fig. 22). This
shows that holographically the squashed entanglement will be saturated which we view as
additional evidence for the conjecture of [20]
Esq(A) = I(A). (D.3)
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